
Computer Methods in Applied Mechanics and Engineering 431 (2024) 117270

Available online 7 August 2024
0045-7825/© 2024 Elsevier B.V. All rights are reserved, including those for text and data mining, AI training, and similar technologies.

Topology optimization for hybrid additive-subtractive 
manufacturing incorporating dynamic process planning 

Shuzhi Xu a, Jikai Liu b,*, Kentaro Yaji a, Lin Lu c 

a Department of Mechanical Engineering, Graduate School of Engineering, Osaka University, 2-1, Yamadaoka, Suita, Osaka 565-0871, Japan 
b Key Laboratory of High Efficiency and Clean Mechanical Manufacture (Ministry of Education), School of Mechanical Engineering, Shandong 
University, Jinan, China 
c School of Computer Science and Technology, Shandong University, Qingdao, China   

A R T I C L E  I N F O   

Keywords: 
Topology optimization 
Fabrication fields optimization 
Hybrid manufacturing 
Additive manufacturing 
Subtractive manufacturing 

A B S T R A C T   

Hybrid additive–subtractive manufacturing (HASM) is a revolutionary technique that, the 
interplay between additive and subtractive processes within an integrated machine tool allows for 
the fabrication of traditionally challenging complex geometries with excellent quality. However, 
part design for hybrid manufacturing has mostly been done by experts with rare support from 
computational design algorithms. Hence, the primary contribution of this work is to propose a 
solution for HASM-oriented structural topology optimization that incorporates both dynamic 
process planning and accessibility constraints. This novel optimization algorithm is developed 
under a unified SIMP and magic needle framework. Two sets of design variables are proposed: 
one for the topological description while the other for identifying the printing stage-related 
subdivisions. Accordingly, a series of additive manufacturing (AM) and subtractive 
manufacturing (SM) dedicated geometric constraints are developed based on these design vari
ables to enable the cutting tool and laser head accessibility. Supported by the sensitivities, the 
structural geometry and fabrication fields can be simultaneously optimized. The effectiveness of 
the algorithm is proved through several numerical and experimental case studies. All the factors 
of cutting tool directions, HASM stages, and specific tool shapes are thorough investigated.   

1. Introduction 

In recent years, the manufacturing industry has shown a growing interest in combining Additive Manufacturing (AM) and Sub
tractive Manufacturing (SM), capitalizing on 3D printing’s ability to fabricate complex geometries with efficient material utilization 
and CNC machining’s strength in achieving high geometric precision and delivering high-quality surface finishes. This type of hybrid 
manufacturing technology is commonly referred to as Hybrid Additive–Subtractive Manufacturing (HASM) [1–3]. Generally, AM is 
known for its layered material deposition that is capable of manufacturing complex structures, but the related shaping accuracy and 
surface quality cannot meet the requirements of precision engineering [4]. For amendment, HASM eliminates the shortcoming of AM 
by spontaneously finish machining the part [5,6]. Typical applications of HASM include the production of components for turbine 
blades with deep cavities, injection molds with conformal cooling channels, and engine heat exchangers incorporating regenerative 
cooling channels. 
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With the advancement of manufacturing technology, topology optimization has emerged as a novel and increasingly prominent 
approach for design engineering [7–13]. In contrast to conventional structural (sizing and shape) optimization, topology optimization 
allows for the generation, merging, and splitting of interior voids [14–19], thus greatly expanding the design space, with the ability of 
achieving superior structural performance. Apart from the performance boost, topology optimization, tailored for HASM, can 
simultaneously satisfy the high demands on geometric precision, surface finishes, and cost-effectiveness, gradually becoming the latest 
research hotspot [20]. 

However, topology optimization features in deriving organic and complex structural geometry that can hardly be manufactured, 
even with the advanced HASM process [20]. The self-support issue and tool interference issue relieve but still exist for HASM. 
Furthermore, the thermo-mechanical manufacturing physics underlying the HASM process brings in difficulties in quality control [21]. 
Balancing the performance-driven freeform topological evolution and manufacturability-oriented material distribution restrictions has 
become a complex but unavoidable problem. There are typically two approaches to addressing this problem. 

The first approach is to perform process planning for HASM that divides the part into subdivisions for the individualized additive- 
subtractive operations, thereby enabling the successful fabrication of a complex topological structure. Hybrid manufacturing is 
accomplished through a laser head that constructs 3D volumes by sintering materials layer by layer, and followed by a CNC machining 
cutter to remove materials and form the 3D sculptured surfaces [22]. A typical HASM platform (see Fig. 1) is equipped with 5-axis 3D 
printing and milling capabilities that alternatively take action [23]. The alternation of additive-subtractive operations divides the 
HASM process into a series of stages, here referred to as HASM stages. In each HASM stage, the laser head creates the 3D solid volume 
by laser sintering, and in the follow-up, a surface machining step processes the 3D surface of the solid volume with a fine finish (refer to 
Fig. 2) [20]. Process planning is the keystone to success a HASM task, since it creates the subdivisions and arranges the sequences of the 

Fig. 1. The DMG LASERTEC 65 3D Hybrid integrates an additive manufacturing system in the conventional CNC machine center.  

Fig. 2. Formation of the interface bulge feature during interchanged AM-SM manufacturing [20].  

S. Xu et al.                                                                                                                                                                                                              



Computer Methods in Applied Mechanics and Engineering 431 (2024) 117270

3

HASM stages [24]. Substantial progress has been made in addressing the process planning problem for HASM within the CAD/CAM 
community. However, the current status of hybrid manufacturing has not yet realized the extensive potential it holds. Many existing 
process planning practices still heavily depend on the expertise of operators [20]. 

There are a few studies that attempted to add search space restrictions to achieve process planning for HASM. These restrictions 
simplify the dynamic HASM accessibility and manufacturing dependency constraints, consequently reducing the problem-solving 
complexity [25–30]. A recent work [31] solves the general sequence planning problem without the above limitations. However, 
the pre-evaluation of mutual dependency between manufacturing sample points makes it unfriendly to the keep-evolving geometry in 
topology optimization. 

Another approach is to enhance the structural design methodology to derive HASM-oriented structural solutions. This approach 
necessitates the simultaneous consideration of both AM and SM constraints at the structural design phase. Given AM processing, design 
for AM through topology optimization has gained significant attention over the past decade. Comprehensive reviews of the ad
vancements and challenges in this area can be found in recent literature surveys [9–13]. In this context, length scale control is 
necessary for HASM-oriented topology optimization, because incorporating dimensional control constraints effectively prevents the 
generation of geometric features that are too fine to be printed by the AM laser spot or withstand the milling impact of the subtractive 
tool. The good aspect is that the controlling strategy and methods remain consistent with existing practices and requires no additional 
attention. The issue of calibrating printing paths demands careful attention since it can impact the shape-building quality, as well as the 
material property anisotropy [32–35]. Moreover, it is essential to give particular attention to the matter of process-induced residual 
stress and distortion. With laser or electron beam as the heat source, the rapid and repetitive heating and cooling cycles inevitably 
accumulate residual stresses inside the part body, leading to significant distortion of the part profile that can reach millimeter scale as 
reported in literature. Optimizing process parameters is an effective method to minimize part distortion [36–40]. Optimizing the 
structure redistributes residual stresses and thus functions to reduce residual distortion [41], as validated in numerous studies [42–48]. 

Design-for-SM is also critical since its extension is part of design-for-HASM. In its early stages, the concept of "design by feature" 
received the extensive attention, aiming to utilize 2.5D machining features to define parts [49–51]. Then, with the widespread 
adoption of 5-axis machining, the scenario of design-for-SM has evolved tremendously. In particular, these studies incorporate to
pology optimization-based freeform design methods, allowing unrestricted modifications to the geometry while simultaneously 
addressing the issue of cutting tool accessibility. However, topology optimization involves the free evolution of structures, often 
generating interior holes and undercuts that are inaccessible. Hence, the work in [52] have imposed constraints on the maximum 
curvatures of reentrant corners by controlling the minimum void length scale, ensuring tool accessibility. Subsequently, topology 
optimization advancement was developed to solve the 5-axis cutting tool accessibility issue. These approaches utilized a combination 
of density projections/machine learning with the SIMP method [53–58] and velocity field projection/distance function processing 
with the level set method [59,60]. 

HASM-oriented structural optimization research is still in its early stage, with only a few approaches developed to address the 
integration of AM and SM for manufacturing [61–63]. These previous works have not considered the interchange effect between AM 
and SM operations. The SM process in these studies is typically limited to 3-axis machining with pre-assigned feed directions. While for 
AM, it is limited to the self-supporting capability of the structure while does not address the rotating laser collision issue arising from 
process transformations. Furthermore, efforts have been made to utilize multi-axis SM as a post-processing method to address the 
support removal challenge associated with AM [64,65], but such methods only serve as a supplement to AM that cannot be categorized 
as a typical HASM scenario. Last but not least, there are significant simplifications in existing HASM-oriented topology optimization 
works. Specifically, these works typically predefine the domains for additive manufacturing and the regions for subtractive 
manufacturing, as well as their sequence. This type of simplification severely limits the degrees of design freedom that does not meet 
the actual scope of design for hybrid manufacturing. In summary, there is a clear gap in the development of topology optimization 
approaches dedicated to design-for-HASM. It is challenging to simultaneously address the accessibility issue associated to the rotating 
laser head and cutting tool, while consider the interchange effect between AM and SM operations. This type of algorithm is currently 
underdeveloped but has significant importance for designing novel functional structures to make full utilization of the characteristics 
of HASM. 

The primary goal of HASM is to adopt the AM process to build the complex geometry and the SM process to ensure an excellent 
surface quality. In this work, we propose a novel topology optimization method for HASM, which incorporates dynamic process 
planning and full accessibility constraints on the interchanged AM and SM operations. HASM process planning for interchanged AM- 
SM operations are involved and simultaneously optimized with the overall topological structure. Dynamic process planning broadens 
the feasible design space of a manufacturable structure, especially compared with the conventional AM-first and SM-post processing 
scheme. Consequently, this approach allows for the augmentation in structural complexity, leading to a significant enhancement in the 
finally derived structural performance under the prerequisite of fully machining the part surface. Furthermore, compared to previous 
HASM-oriented design trials [61–63], this work considers the interchanged five-axis AM-SM operations that are counted as a true 
hybrid additive-subtractive manufacturing. It is highlighted that, two novel geometric constraints have been developed to tackle the 
interactions between AM and SM operations: the Additive Tool Collision Constraint and the Subtractive Tool Accessibility Constraint. 
They jointly impact the simultaneous optimization on the process plan and structural geometry. Additionally, the study also takes into 
consideration the structural self-supporting effect for eliminating supports. 

The remaining content of this paper is structured as follows: Section 2: introduction to the process plan optimization; Section 3: 
detailed formulation of HASM-oriented geometric constraints, with Section 3.1 covering the modeling of SM-oriented geometric 
constraints and Section 3.2 describing the modeling of AM-related geometric constraints; Section 4: introduction to the optimization 
problem formulation for HASM, as well as the numerical implementation details; Section 5: presentation and discussion of several 2D 
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and 3D benchmarks; Section 6: Experimental validation for the numerical results in 3D to prove the effectiveness of the proposed 
method; Section 7: conclusion that summarizes the key findings and contributions of the paper. 

2. Process planning optimization for deriving subdivisions 

The current paper focuses on HASM with alternating AM and SM operations in one integrated machine tool. For a structure with 
complexity, it will be fabricated through several HASM stages that each involves an AM and SM alternation. The density-based to
pology optimization framework is adopted to optimize the structure, and the magic needle method is adopted to create and optimize 
the subdivisions for deriving a feasible process plan. The design space Ω is set as a square shape and discretized by a structured finite 
element mesh. 

In incremental AM process, new materials are deposited onto the already built volume. In case of depositing without foundation, 
temporary auxiliary structures are utilized, known as support structure. For DED-type (Directed Energy Deposition) AM process, 
support structure is rarely used because of the high power input and non-trivialness in support removal. Hence, the material sub
divisions provide foundations for the consequent material deposition following the fabrication sequence. 

Recently, a novel form of artistic expression has emerged, known as 3D magic needle cloning, as depicted in Fig. 3(a). This 
technique uses a stationary frame that accommodates a number of patterned circular needles. Each circular needle can move along the 
longitudinal direction with two stopping positions. To further illustrate this mechanism, considering the 2D case in Fig. 3(b), when an 
object approaches the needles from one side, the needles are pushed forward that on both sides, clone the corresponding shape of the 
object. If further enable elongation and shortening of the needles, the shapes cloned by the needles can be more flexible that do not 
have to be identical on the two sides. Hence, the set of needles can be regarded as the materials deposited in one hybrid manufacturing 
stage, and multiple sets of needles can be overlaid together to model the gap-free multi-stage hybrid manufacturing. The side shapes 
captured by the needles mimic the interfaces between different stages of additive depositions. 

With the density-based optimization framework, the basic idea inspired by the magic needle mechanism is to represent densities in 

Fig. 3. (a) Illustration of the 3D magic needle cloning, (b) the schematic diagram of the magic needle cloning for 2D case.  

Fig. 4. Illustration of the control for the needle insertion.  
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a row of elements using a single design variable to determinate the interface location between solid and void. As shown in Fig. 4, a 
density field is established at the left side as the template density field (xTmp), and a uniform density gradient field is assumed along the 
needle direction. This template field contains multiple density strips that each strip represents one needle. Then, each density strip 
undergoes a Heaviside projection operation with a designated threshold. By adjusting these thresholds, denoted as strip-based 
thresholds (τ), precise control over the locations of the solid-void interface can be achieved [66]. A mapping relationship between 
the strip-based thresholds (τ) and element-wise thresholds (α) is introduced as: 

α = Mτ (1)  

where M is the binary mapping matrix with NE × Nd dimensions, NE is the total number of finite elements in design space Ω, and Nd is 
the total number of design variables (the number of strips). A relatively smaller density value indicates that this element is fabricated 
later. To ensure the smoothness of strip-based thresholds τ, a smooth filter is applied: 

τ̃ = T(τ) (2)  

where the T( ∗ ) is the smooth function. It could be any smooth filter commonly found in the field of topology optimization (like the 
PDE filter or convolution filter and so forth), for which the detail explanation could refer to [67]. The fabrication field by projecting the 
template densities could be expressed as [68]: 

μ =
tanh(βFMτ̃) + tanh

(
βF
(
xTmp − Mτ̃

))

tanh(βFMτ̃) + tanh(βF(1 − Mτ̃)) (3) 

For multi-stage HASM process, we introduce multiple fabrication fields, and all the fabrication fields are projected based on the 
same xTmp but different thresholds: 

μn =
tanh(βFMτ̃n) + tanh

(
βF
(
xTmp − Mτ̃n

))

tanh(βFMτ̃n) + tanh(βF(1 − Mτ̃n))
, n = 1, 2,…,NS (4)  

where NS is the amount of fabrication stages. μn indicates the area in Ω that has been processed after the nth HASM stage. To guarantee 
the material accumulation feature amongst the HASM stages, specific relationships are imposed to the strip-based thresholds (τn) and 
taking the ath strip as example, the relationships are expressed as follows: 

{
τa,n < τa,n− 1, n ≥ 2

τmin ≤ ∀τa,n ≤ 1 (5) 

By intersecting the density field ρ and each fabrication field μn, the already-built structure after the nth HASM stage could be 
explicitly modeled by: 

ρn = ρ ∘ μn (6) 

The symbol "∘" indicates the Hadamard product. Fig. 5 shows the identification of the stage-related subdivisions. μ1 corresponds to 
the first stage AM-SM fabrication, and μ2 represents the total volume after the second stage AM-SM fabrication. The density field (ρ) 
means the physical structure. Through calculation with Eq. (6), the stage-based deposited subdivisions could be obtained, represented 
in red and green, respectively. Subsequently, the stage-based manufacturability constraints will be established based on these 
subdivisions. 

At the end, we also want to provide a brief comparison between our proposed method and the existing space-time method [69]. 
Both methods share the common goal of optimizing fabrication regions within a density-based framework and employ the concept of 

Fig. 5. Illustration of the subdivision identification for multi-stage manufacturing.  
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projection. However, there are key differences in their implementation. In the space-time method, the thresholds are fixed while the 
density magnitudes are optimized. This approach offers a larger space for optimization, but it may lead to numerical issues such as 
discontinuous processing regions and a higher likelihood of local optima. Although continuity constraints are employed to mitigate 
these issues, they are not always effective or stable. In contrast, our proposed method fixes the density magnitudes while optimizes the 
thresholds, focusing on mapping the continuous scale field through optimized thresholds. While this method imposes more limitations 
on the degrees of design freedom (but sufficiently large for 3-axis AM plus 5-axis SM), it ensures the regional continuity without any 
additional effort and involves fewer design variables. 

3. Geometric constraints for hybrid additive-subtractive manufacturing 

The HASM geometry constraints can be divided into two categories (as shown in Table 1): the AM oriented constraints and the SM 
oriented constraints. In Section 3.1, the SM-oriented constraints are discussed, aiming at addressing the accessibility of multi-axis 
machining tool. Subsequently, in Section 3.2, the focus shifts to the AM-related constraints, primarily considering length scale con
trol (ensuring the resolution of the laser scanning qualified), structural self-support (no need for support structures in 3-axis AM), and 
no additive tool collision (ensuring the safety of the AM processing). 

3.1. Subtractive manufacturing constraint 

In this Section, we will introduce the analytical accessibility analysis, wherein a continuous field is developed for quantifying the 
inaccessibility concerning a set of tools and fixtures. Subsequently, we perform the analysis of inaccessibility on the identified multiple 
subdivisions, and therefore, formulate the multi-stage inaccessibility constraint. 

3.1.1. Accessibility analysis 

3.1.1.1. Accessibility analysis for a single tool. A part is manufacturable if all the void region within Ω are accessible by the machining 
tool from the preassigned feeding direction, while making no intersection with the solid [53]. In order to meet the manufacturability 

Table 1 
Geometric constraints associated with HASM-oriented topology optimization.  

HASM geometric constraints 

AM (Additive manufacturing) SM (Subtractive manufacturing) 

Name Description Name Description 

Length Scale 
Control 

Addressing the minimum printing resolution constraint on 
both solids and voids to guarantee the design printability. 

Subtractive Tool 
Accessibility 
Constraint 

Ensuring collision-free access to the newly 
formed structural surface by the machining tool 
tip at every fabrication stage Self-support 

Constraint 
Controlling the overhang inclination angles to eliminate the 
need of support structures, so that to improve the 
manufacturing and economic efficiency. 

Additive Tool 
Collision 
Constraint 

Ensuring that in the current machining stage, the additive 
tool tip does not collide with the already built structure.  

Fig. 6. Illustration of the proposed accessibility analysis: (a) example of inaccessible condition; (b) the mesh for geometry in (a); (c) illustration of 
the SM tool domain ΩC and analysis element. 
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requirement, this study proposes to construct a density field that increases monotonically in the milling direction based on Heaviside 
projection. The fundamental idea is to develop an analysis field: ψ that is separated from the physical field to indicate the manu
facturability of the structure. 

Given a specific element within the domain, its analysis density value is computed through averaging the cumulative sum of 
physical densities within the SM tool domain (ΩC). Here, ΩC is established by tracking elements along the reverse milling direction as 
shown in Fig. 6(c), and its shape is constructed to mimic the shape of the tool. The above could be mathematically expressed as follows: 

ρ̃ =
1
Nc

∑

e∈ΩC

ρe (7)  

where Nc is the total number of elements in ΩC. The summed density of the analysis element serves as an indicator for manufactur
ability of the corresponding physical element at the same position. It has the following two situations:  

(1) The physical element density is 0 (void physical element): if its corresponding analysis element density has a value of zero, it 
means no physical block when the cutting tool approaches this element. Therefore, the physical element can be identified as 
manufacturable; if its corresponding analysis element density has a non-zero value, this physical element will be identified as 
unmanufacturable.  

(2) The physical element density is 1 (solid physical element): its corresponding analysis element density is consistently larger than 
zero, and there is no necessity to access this element for not involving material removal. 

Here, more details are supplemented to the accessibility analysis for a concise implementation. First, a rectangular mesh consisting 
of squared finite elements is used to discretize both the physical and analysis fields. Second, given the invariant ΩC, Eq. (7) can be 
interpreted as a convolution operation. 

For a 2-D situation, the convolution kernel ϰ is a 2-D binary square matrix, whose size is 2∗max(L, W) − 1, where L, W, are the 
length and width of ΩC, respectively; while for a 3-D situation, the convolution kernel ϰ is a 3-D binary matrix, whose size is 2∗max(L,
H,W) − 1, where L, H, W are the length, height, and width of ΩC, respectively. Fig. 7 (a) shows a 2D format of ϰ, which indicates a 2D 

tool of size 8× 3 that is feeding horizontally towards left. The analysis element locates at the center of the kernel. Then, the element- 
based Eq. (7) could be further formulated into the following field-based expression: 

ρ̃ =
Conv(ρ, ϰ)

Nc
(8)  

where Conv( ∗ ) is the convolution operator. To ensure the consistency of field size, the domain extension approach (similar to the 
padding operation in Convolutional Neural Networks) is adopted here (shown in Fig. 7 (b)), where inside the red-color dashed frame is 
the design variable field and outside it is the extended domain. The design field plus the extension field make the convolution field. The 
distance dext should at least equal the length of the milling tool. The extension is performed by adding a padding of void elements to the 
design domain. Even though extended, the final design of interest is still defined by the physical densities inside the design domain. 

The analysis densities obtained from Eq. (8) fall in the range of [0, 1]. Heaviside projection is then performed to process ̃ρ into the 0 
− 1 physical density, yielding ρ̃. For this step, a Heaviside function [70] is used: 

ρ̃ = 1 − e− βP ⋅ρ̃ + ρ̃ ⋅ e− βP (9)  

where βP controls the steepness of the Heaviside projection curve. We use βP = 32 for 2D and βP = 64 for 3D examples in this work 
(note that βP is a fixed value, not updated with the optimization iteration). 

Through Eqs. (8) and (9), for a given structure and tool processing conditions (such as tool shape and feeding direction, etc.), we 

Fig. 7. Illustration of the SM tool and related convolution kernel (a); and the schematic diagram for the relationship between convolution field and 
design field (b). 
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can get its corresponding machinable projection ρ̃. Fig. 8 shows this process. 

3.1.1.2. Tool geometry control in accessibility analysis. Obviously, the machinable structural shape is influenced by the tool geometry, 
e.g., the varying convolution kernel. Regardless of the tool geometry, the convolution kernel is configured only once, after which the 
information can be conveniently stored in ϰ for subsequent reuse during the optimization process. Hence, the investigation in this 
Section focuses on three aspects of the machining cutter: the configuration of tool geometry, the selection of feeding direction, and the 

Fig. 8. Accessibility structure acquisition based on the accessibility analysis introduced in Section 3.1.1.  

Fig. 9. The schematic diagram of the SM tool convolution kernel with specific tool geometry shape in 2D (a); and the SM tool convolution kernels 
with different cutting depths (b). 

Fig. 10. The measured accessible fields with different cutting depths.  
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determination of cutting depth. 
The tool shapes. To accommodate a specific tool shape, we adopt axisymmetric geometries as the primitive to build the tool. This 

axisymmetric entails representing tools using multiple diameters and segment lengths for the stepped rotation geometries. 
Here, we illustrate the concept using an example 2-D milling tool. To facilitate the analysis, a handle is added to reflect the practical 

situation and then, the tool CAD model is discretized by 80 × 40 elements, based on its actual dimensions. As a result, the corre
sponding tool kernel is a square matrix with the dimensions of 159×159 (see Fig. 9 (a)). 

The next aspect to consider in milling tool geometry is about imposing the maximum cutting depth restriction, also known as the 
maximum insertion depth restriction, to avoid the tool holder or spindle to interference with the part. One straightforward approach of 
imposing this restriction is to introduce a handle structure that has a significantly larger radius (Lh) to mimic the tool holder. The 
distance (Lc) between the left surface of the handle structure and the cutting tool tip, along the insertion direction, serves as the 
maximum cutting depth. In general, geometric features with a depth smaller than the cutting length Lc should remain unaffected by the 
cutting depth restriction. Fig. 9 (b) illustrates the cutting tool configurations with three different cutting depths, in which the thickness 
of the handle structure changes to keep a constant kernel size. 

Fig. 10 illustrates the analysis results obtained from the similar tools with different cutting depths. When dealing with a target 
structure characterized by a deep hole feature, the cutting depth evidently influences the maximum machinable area. According to 
Fig. 10(a), when enabling an unlimited cutting depth, the deep hole feature is fully machined. However, when employing a restricted 
cutting depth, the deep hole feature can only be partially processed that is finished into a step hole (Fig. 10(b–d)). Hence, incorporating 
multi-stage hybrid manufacturing is necessary to fabricate deep hole structures if considering the limited cutting depth of a practical 
machining cutter. 

The feeding direction. To conveniently implement the cumulative summation given an arbitrary direction, an affine transformation 
is applied to the kernel density field ϰ defined in the reference local coordinate system, resulting in a mapped density field ϰm: 

Fig. 11. The schematic diagram of kernel density field evolution for 2D rotations (a); and the measured accessible fields with different feeding 
directions (b). 

S. Xu et al.                                                                                                                                                                                                              



Computer Methods in Applied Mechanics and Engineering 431 (2024) 117270

10

ϰm = R(θm)ϰR(θm)
T (10)  

in which R(θm) is the rotation matrix and θm is the mth feeding direction. The convolution kernel size remains unchanged regardless of 
the rotation angle, while the only change is the altered kernel density distribution. Fig. 11 (a) shows the 2D convolution kernel density 
fields for 4 different feeding orientations. 

Then, using these rotated convolution kernels, each transformed convolution measures the accessible field for a target structure 
through the following equation: 

ρ̃m =
Conv(ρ, ϰ, θm)

Nc
(11) 

Fig. 11 (b) illustrates the idea behind Eq. (11) for a simple 2D geometry with the four candidate orientations. 

3.1.1.3. Accessibility analysis for multiple tool configuration. The analysis density fields obtained from multiple feeding orientations 
must be combined into a single field (ψ) for an overall accessibility evaluation. Each density field contains void regions that can be 
processed from the specific feeding direction. By taking the Boolean intersection, all accessible regions are merged to form the final 
machinable workpiece: ψ = ρ̃1 ∩ ρ̃2 ∩ … ∩ ρ̃m. To enable a differentiable intersection operation, a P-mean function is used: 

ψ =

(
1

Nm

∑Nm

m=1
ρ̃m

P
)1

P

(ψ ∈ [0, 1]) (12)  

ψ = 0 means the accessible voids, and ψ = 1 represents the projected machinable solid structure. Nm is the number of tool orientations, 
and P is the aggregation parameter (P = − 12 is adopted in this work). 

Fig. 12 shows the aggregation of four accessible structures from four different feeding directions. The overall accessible field ψ is 
obtained by picking up the minimum over all directions. 

In conclusion, the whole process of accessibility analysis could be expressed in the following function form: 

ψ = SM(ρ, ϰ, θ) (13)  

where ρ is the target structure, ϰ is the standard tool kernel (which includes the tool geometry and cutting length information), and θ is 
the set of available feeding directions (θ = {θ1,θ2,…,θm}). (Fig. 13) 

Fig. 12. The schematic diagram for the aggregation of accessible structures from multiple feeding directions.  

Fig. 13. The schematic diagram for the inaccessibility field identification.  
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3.1.2. Subtractive accessibility constraint 
Based on the manufacturable structure ψ from Section 3.1.1, the corresponding inaccessible field (ψ) could be obtained through 

subtraction operation between the manufacturable structure and the target structure. This subtraction operation is formulated as: 

ψ = ψ − ψ ∘ ρ (14) 

And the minimum inaccessible volume constraint is developed as: 
∑NE

e=1ψe

NE
≤ Vtol (15)  

where NE is the number of elements in the design domain Ω, and Vtol represents the maximum-allowable inaccessible volume fraction. 
This formulation of Eq. (14) is developed for several considerations. First, it avoids negative values, which can cause problematic 

evaluation on constraint Eq. (15). Second, it ensures that all density values in ψ are confined within the range of 0 and 1. Third, it 
guarantees a smooth transition between inaccessible volumes and their adjacent volumes, avoiding sharp discontinuities. The above 
features enable a robust integration of the accessibility constraint with the employed topology optimization framework that stabilizes 
constraint solution process. 

3.1.3. Multi-stage subtractive accessibility constraint 
In each fabrication stage, the cutting tool will only process the structural surface of the newly deposited volume. Therefore, for the 

Fig. 14. The relationship between visual fabrication fields and actual fabrication fields.  

Fig. 15. The schematic diagram for subtractive inaccessible field identification of a three-stage hybrid manufacturing case.  
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first fabrication stage, the accessible field of the incomplete structure is expressed by: 

ψ1 = SM(ρ1, ϰ, θ) (16) 

Starting from the second fabrication stage, the effective accessible field is calculated by: 

ψn = SM(ρn, ϰ, θ) ∘ (δn − δn− 1) (17)  

where δn has the similar derivation with μn, and its expression is: 

δn =

⎧
⎪⎨

⎪⎩

tanh
(
βFM

(
τ̃n − τoff

))
+ tanh

(
βF
(
xTmp − M

(
τ̃n − τoff

)))

tanh
(
βFM

(
τ̃n − τoff

))
+ tanh

(
βF
(
1 − M

(
τ̃n − τoff

))) , n = 1,…,NS − 1

μNS
, n = NS

(18) 

In Eq. (17), the field (δn − δn− 1) indicates the nth visual fabrication field, restricting the range of the inaccessible field judgement for 
the nth stage fabrication. Note that, compared with the nth actual fabrication field (μn − μn− 1), the visual fabrication field is generated by 
upward offsetting a distance doff along the build direction (Fig. 14), and the doff is realized by tuning the parameter τoff . The purpose of 
this treatment is to prevent excessive material inaccessibility in the stage exchange area. 

The corresponding nth stage inaccessible field (ψn) could be identified by: 

ψn = ψn − ψn ∘ ρn (19) 

The global inaccessible field is then obtained by the following Boolean union operation: 

ψ =
∑NS

n=1
ψn (20) 

By restricting the global inaccessible field volume fraction to a minimum value Vtol (Eq. (15)), all surface elements of the design 
structure can be accessed by the multi-stage milling operation. Fig. 15 shows a detailed subtractive inaccessible area analysis on a 2D 
topology optimized heat conduction part subject to three HASM stages. 

3.2. Additive manufacturing constraint 

3.2.1. Additive tool collision-free constraint 
Similar to the subtractive accessibility analysis, an AM analysis field: ϑ, is built on top of the physical field to measure the collision 

state of the current deposited structure, which uses the same reference mesh of the physical field. 
Again, for a given element inside the design domain, its analysis density is computed by averaging the cumulative summation of the 

physical densities for all elements inside the additive tool domain (ΩA), as shown in Fig. 16(c). The shape of ΩA is constructed by 
projecting the additive tool. The specific calculation could be expressed as follows: 

ρ̂ =
1

NA

∑

e∈ΩA

ρe (0< ρ̂ <1) (21)  

where NA is the total number of elements contained in ΩA. Similar to the subtractive accessibility analysis, the additive analysis density 
ρ̂ indicates the collision state of the corresponding physical element. If larger than 0, the tool collides with the already built part when 
the additive tool tip accesses this element. It is noted that, the collision analysis will start from the second HASM stage since the 
collision phenomenon will not appear during the initial-stage additive manufacturing. The convolution operation for Eq. (21) could be 
expressed as: 

Fig. 16. (a) Example of AM tool collision; (b) the mesh for discretizing geometries in (a); (c) the illustration of additive tool domain ΩA and 
analysis element. 
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ρ̂n =
Conv(ρn− 1,ℵ)

NA
, n = 2, 3,…,NS (22)  

where ρn− 1 is the structure built from the last stage, and ℵ is the AM tool convolution kernel. The Heaviside function is then used to map 
entries of ρ̂n into the 0 − 1 binary densities: 

ρ̂n = 1 − e− βP ⋅ρ̂n + ρ̂n ⋅ e− βP (23) 

In conclusion, the process of additive tool accessibility analysis could be summarized into the following function: 

ρ̂n = AM(ρn− 1,ℵ), n = 2, 3,…,NS (24) 

Given the fact that collisions only happen during depositing solid physical elements, the collision analysis for void physical ele
ments can be disregarded. Consequently, the collision elements can be obtained by Boolean intersecting the current-stage depositing 
structure (ρn − ρn− 1) and collision-detected density field (ρ̂n). 

ϑn = ρ̂n ⋅ (ρn − ρn− 1), n = 2, 3,…,NS (25) 

The global effective collision field is obtained through Boolean union operation: 

ϑ =
∑NS

n=2
ϑn (26) 

Finally, a non-collision constraint is developed to eliminate all element-wise collisions: 

Fig. 17. The process for additive tool collision analysis.  

Fig. 18. The design parametrization for the targeted structure design.  
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1
NE

∑NE

e=1
ϑe = Vtol (27) 

Vtol used here represents the maximum-allowable collision volume fraction (generally, it has the same value with the Vtol shown in 
Eq. (15)). It is disclosed in Fig. 17 that, collisions occur when the inclination angle of the interface between two consecutive additive 
volumes becomes excessively large. Hence, the introduction of the constraint in Eq. (27) has a simultaneous effect on optimizing the 
interface flatness, tending to produce simple-shaped interfaces. 

3.2.2. Minimum length scale control 
For structures with too thin geometric features, it does not have enough strength to withstand the cutting force, leading to chatter or 

damage. To prevent structural failures, we adopt a simplified robust formulation to ensure the minimum length scale by considering 
both the erosion projection (ϵero > 0.5) and intermediate projection (ϵ = 0.5). In the context of compliance minimization, the density 
field associated with the erosion projection is thinned and has a higher compliance compared with the intermediate density field. 
Therefore, including both the intermediate and erosion projections into the objective function indeed performs the minimum length 

scale control by warranting the thinned structure a sufficient stiffness. As shown in Fig. 18, other than projection for ϕ̃, the filtered 

field ϕ̃ is also projected to derive the so-called eroded field ϕ̃ero: 

ϕ̃ero =
tanh(βBϵero) + tanh(βB(ϕ̃ − ϵero))

tanh(βBϵero) + tanh(βB(1 − ϵero))
(28)  

where ϵerois the erosion threshold. Then, both ϕ̃ero and ϕ̃ will be further projected by the AM filter introduced in next section. Based on 
the Solid Isotropic Material with Penalization (SIMP) method, the elastic moduli of the eth element for these two fields are interpolated 
as follows: 

Ee(ϕ̃e) = Emin + (E0 − Emin)ϕ̃e
P

Eero,e
(
ϕ̃ero,e

)
= Emin + (E0 − Emin)ϕ̃ero,e

P (29)  

where E0 is the elastic modulus/conductivity of the solid material, Emin is a small value to avoid numerical singularity, P = 3 is a 
penalty factor. Specifically, the simplified robust formulation is expressed as: 

Cr = ωUTKU + (1 − ω)Uero
TKeroUero (30)  

where ω is a weighting factor, and the superscript ero in the second term indicates the erosion projected field. T is the transpose 
operator, U and Uero are the response fields, K and Kero are the stiffness matrices for the intermediate and erosion projected structures. 

The stiffness matrices K and Kero are assembled from element stiffness matrices defined by ke = Ee(ϕ̃e) k0 and kero,e =

Eero,e
(
ϕ̃ero,e

)
k0, where k0 is the stiffness matrix of a solid element with unit Young’s modulus/conductivity. 

3.2.3. Formulation for the self-support AM filter 
Then, to avoid the need for support structures, it is crucial to regulate the inclination angles of overhangs during the structural 

design. Hence, the utilization of self-support AM filter [71,72] is necessary. 
Fig. 19 presents a 2D schematic diagram of the AM filter. The elements positioned on the lower layer are denoted by indices (i− 1, 

j− 1), (i, j− 1), and (i+1, j− 1), collectively referred to the support region for element (i, j). When the support region lacks material, the 
AM filter removes materials from the corresponding element (i, j). Conversely, if the support region contains material, the AM filter 
permits the presence of materials within element (i, j). Consequently, these rules facilitate the attainment of self-supporting charac
teristics, featuring a 45◦ threshold overhang angle. Mathematically, the formulation of the AM filter is expressed as follows: 

Fig. 19. The schematic diagram of the AM filter for 2D case.  
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ρi,j =

{
min
(
ϕ̃i,j, max

(
ϕ̃i− 1,j− 1, ϕ̃i,j− 1, ϕ̃i+1,j− 1

))
(i, j) ∈ Ωu

ϕ̃i,j (i, j) ∈ Ωb

(31) 

Where ϕ̃ is the density field obtained from the projection operation as mentioned in Section 3.2.1, Ωb means the field nearby the 
base plate, and Ωu means the rest of the design field above Ωb. The corresponding differentiable form is written as: 

ρi,j = smin
(
ϕ̃i,j, smax

(
ϕ̃i− 1,j− 1, ϕ̃i,j− 1, ϕ̃i+1,j− 1

))
(i, j) ∈ Ωu (32)  

where smin is defined as: 

smin(a,b) =
1
2

(

a+b −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅(
(a − b)2

+ ϵs

)√

+ ϵs
2
)

(i, j) ∈ Ωu (33)  

and smax is the P-Q max function used to calculate the maximum value of the elements in the supporting region: 

smax(a,b, c) =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅(
aP + bP

+ cP
)Q

√

(i, j) ∈ Ωu (34)  

where ϵs = 1e − 4 is the parameter that controls the accuracy of the approximation, P = 40 and Q = P +
log(3)

log

(

1
2

) are used as suggested in 

[72]. 

4. Numerical implementation 

The proposed HASM-oriented topology-process simultaneous optimization is built on the compliance minimization problem. Two 
sets of optimization formulations are developed: the structural optimization and the process planning optimization, and these two 
optimization setups are tightly coupled together for an integrated implementation. For structural optimization, its formulation is stated 
as: 

Fig. 20. The flowchart of the proposed method.  
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⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

find : ϕ

minimize : Cr(ϕ)

subject to :

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

KU = F (35 − 1)

KeroUero = F (35 − 2)
∑NE

e=1ρe

NE
≤ Vf (35 − 3)

∑NE
e=1ψe

NE
≤ Vtol (35 − 4)

∑NE
e=1ϑe

NE
≤ Vtol (35 − 5)

ϕmin ≤ ∀ϕe ≤ 1 (35 − 6)

(35)  

where ϕ are the geometric design variables. Given process planning optimization, its formulation is stated as: 

⎧
⎪⎨

⎪⎩

find : τn (n = 1,2,…,Ns)

minimize : g(τn)

subject to :

{
τmin ≤ ∀τa,n ≤ 1 (36 − 1)

τa,n < τa,n− 1, n ≥ 2 (36 − 2)

(36)  

where the design variables τn (n= 1,2,…,Ns) determine the fabrication fields correlated to the HASM stages. The objective function g 

=

∑NE
e=1

ψe

2NE
+

∑NE
e=1

ϑe

2NE
, is developed by summing up the subtractive inaccessibility volume and additive tool collision volume. 

The workflow of the proposed optimization process is given in Fig. 20. In this work, the HASM fabrication fields and the structure 
are simultaneously optimized. It can be seen from Fig. 20 that the accessibility analysis solver runs in every optimization loop to obtain 
the manufacturability information (subtractive tool accessibility and additive tool collision). A step-by-step description for the pro
posed implementation is outlined below:  

1. Initialize the HASM fabrication fields and the topological density field. Initialize the accessibility analysis solver, physical problem 
solver, and optimization solver.  

2. Run the physical problem solver and accessibility analysis solver to get the structural physical responses and the manufacturability 
information.  

3. Calculate sensitivities on the topological density variables and HASM process planning variables based on the information from last 
step.  

4. Updates the topological densities and HASM process planning variables.  
5. Check for convergence criteria: if not satisfied, return to step 2; if satisfied, the results will be post-processed for visualization and 

manufacturing. 

5. Numerical examples 

In this numerical example section, the proposed method is applied to solve a heat conduction problem. This specific choice is made 
because the resulting part geometry tends to be complex, allowing for a sufficient validation of our method. In the 2D case, the dis
cretization is made with 4-node first-order rectangle elements, while in the 3D case, 8-node first-order cube elements are utilized. The 

Table 2 
The summary of the optimization schemes.  

Case name AM constraints SM constraints Multi-stage alternating tool HASM stage optimization 

AM-OPT √ × × ×

HASM-OPT √ √ × ×

MulHASM-OPT √ √ √ ×

ProHASM-OPT √ √ √ √  
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smoothing filter employs the radius four times of the finite element size. The material layout design is updated using the Method of 
Moving Asymptotes (MMA) with a move limit of 0.2. The optimization process terminates when the objective function changes by less 
than 0.1 % over 5 successive iterations while all constraints are satisfied, or after a maximum of 250 iterations. 

Four optimization cases are considered in this section: AM-OPT, HASM-OPT, MulHASM-OPT, and ProHASM-OPT. The various 
optimization schemes are detailed in Table 2. 

5.1. 2-D example 

The first numerical example is to design the heat conduction part in 2D, whose domain sizes are defined with L = 180mm and H =
200mm. The AM printing direction is left-right and the SM operation has 24 milling directions; see Fig. 21. A mesh with 200 × 180 
square elements of size 1mm × 1mm is employed to discretize the design space. The heat conductivity factor for the solid material is 1 
W/(m ⋅ K), and a uniform heat load with 10 W/m2 is applied in the design domain. 

The boundary condition for this example is shown in Fig. 21 (a). In this example, the ProHASM-OPT optimization scheme involves 4 
HASM stages. The mass fraction constraint for the designed structure is set to 30%. The shape information of the SM tool and AM tool 

Fig. 21. The boundary condition and tool direction information for 2D heat conduction example (a); and the geometries of the SM tool (b) and AM 
tool (c). 

Fig. 22. The optimized design obtained from ProHASM-OPT (a) and its temperature distribution map (b).  
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are provided in Fig. 21 (b) and (c). 
Fig. 22 (a) displays the topologically optimized structure, and the associated temperature distribution is shown in Fig. 22 (b). The 

final thermal compliance is 206.7832J, and the maximum temperature is 75.69 K. 
The historical data of convergence information is provided in Fig. 23. Due to the failure to meet the convergence criteria 

throughout, the optimization program was terminated after 250 iterations. However, the objective function value has almost stabilized 
during the final iterations. The multi-stage SM accessibility constraint, AM collision constraint, and volume fraction constraint have all 
been satisfied. By further examining the convergence history, during the first half of the optimization iterations, all curves exhibit 
significant oscillations, attributed to periodically updating the several Heaviside projection parameters. The oscillations eliminate 
during the second half of iterations owing to reaching a stable structural form. Hence, we can claim that this algorithm converges with 
in a stable manner. 

5.1.1. The comparison amongst different optimization schemes 
Firstly, the influence of allowable SM tool orientations is investigated. To better distinguish the effects of different methods in this 

case, we constrain the direction of the subtractive tool to be perpendicular to the printing direction, along both inward and outward 
horizontal directions, totaling three directions. 

Fig. 24 displays the optimized structures found from the four optimization schemes mentioned in Table 2. In the case of AM-OPT, 
the geometric complexity is the highest among the four schemes since it only considers the structural self-supporting constraint. 
However, as a consequence, many local geometric features cannot be processed by the cutting tool. HASM-OPT considers both the self- 

Fig. 23. The historical data of convergence information for ProHASM-OPT.  

Fig. 24. The optimized designs obtained from AM-OPT (a), HASM-OPT (b), MulHASM-OPT (c), and ProHASM-OPT (d).  
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supporting constraint and the accessibility constraint of the cutting tool. As a result, its geometric complexity is strictly restricted, and 
all geometric features can be accessed by the cutting tool. Given MulHASM-OPT and ProHASM-OPT, compared with HASM-OPT, more 
geometric details emerge since they consider multiple AM-SM tool alterations. The resulted geometries from MulHASM-OPT and 
ProHASM-OPT are similar, but distinctions can be identified in local geometric details and also the inter-stage interfaces. 

The temperature distribution maps for the four optimization schemes are displayed in Fig. 25. The maximum temperatures and the 
thermal compliances are summarized in Fig. 26. According to Fig. 26, the structural performance of AM-OPT (173.225J) is the best, 
followed by ProHASM-OPT (318.440J) and MulHASM-OPT (338.439J), while HASM-OPT (465.428J) performs the worst. Compared 
to MulHASM-OPT, the performance of ProHASM-OPT exhibits a slight improvement of approximately 5.4 %. 

Hence, we can make preliminary conclusions from the above findings. Incorporating the SM tool accessibility constraint in 
structural optimization significantly restricts the available design space, consequently compromising structural performance. Then, 
accounting for the multi-stage HASM accessibility relieves the issue, reaching a better balance between structural performance and 
manufacturability, especially when the subdivisions are concurrently optimized. 

5.1.2. The effect of allowable subtractive tool directions 
Subsequently the influence of allowable SM tool orientations is investigated. Four different combinations of SM tooling are 

considered, with 3, 5, 7, and 17 allowable directions, respectively. The shapes and dimensions of the SM and AM tools remain the same 
as Fig. 21. All other parameters remain consistent with Section 5.1.1. 

Fig. 27 shows the optimized structures resulted from the four combinations of SM tools. Their final optimized thermal compliances 
are 318.440J, 265.113J, 251.567J, and 238.172J, respectively. It is evident that, more SM tool directions increase the geometrical 
complexity of the obtained structure. 

The temperature distribution maps from the four SM tool combinations are displayed in Fig. 28. Compared with the ProHASM-OPT 

Fig. 25. The temperature distribution maps for the optimized designs obtained from AM-OPT (a), HASM-OPT (b), MulHASM-OPT (c), and 
ProHASM-OPT (d). 

Fig. 26. The column chart for structural performance.  
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with 3 SM tool orientations, the ProHASM-OPT with 17 SM tool orientations could achieve a 29 % performance improvement, and a 32 
% reduction of the maximum temperature. For this considered problem, however, the performance improvement was limited when the 
set of tool orientations expanded beyond 5. 

5.1.3. The effect of different HASM stages 
In this Section, the effect of different amount of HASM stages will be investigated. Four scenarios are considered that involve 1 

HASM stage, 2 HASM stages, 3 HASM stages, and 4 HASM stages, respectively. The tool dimensions and optimization parameters 
remain consistent with those described in Section 5.1.1. These numerical trials incorporate seven orientations for the subtractive tool. 

Figs. 29,30 presents the optimized structures and its corresponding temperature distribution derived from the four trials. Their final 
thermal compliances are 366.163J, 298.127J, 251.567J, and 237.415J, respectively. It is evident that the more amount of HASM 

Fig. 27. The optimized designs obtained from ProHASM-OPT with 3 tool orientations (a), 5 tool orientations (b), 7 tool orientations (c), and 17 tool 
orientations (d). 

Fig. 28. The temperature distribution maps for the optimized designs obtained from ProHASM-OPT with 3 tool orientations (a), 5 tool orientations 
(b), 7 tool orientations (c), and 17 tool orientations (d). 

S. Xu et al.                                                                                                                                                                                                              



Computer Methods in Applied Mechanics and Engineering 431 (2024) 117270

21

stages leads to the increasing complexity of the structure. Some geometric features, such as deep holes which does not show in the 
HASM-OPT design, can be realized by the ProHASM-OPT configurations. 

5.1.4. The effect of different subtractive tool shapes 
In this case, the cutting tools with flat and conic tips are considered as shown in Fig. 31 (a) and (b) to investigate the effect of 

varying SM tools on design. For these numerical trials, ProHASM-OPT with three HASM stages and three milling orientations are 
performed. The other optimization setups remain the same as the former cases. 

Observing the designs presented in Fig. 32, it is evident that when compared to the default SM tool in Fig. 24 (d), the overall shapes 

Fig. 29. The optimized designs obtained from HASM-OPT (a), and ProHASM-OPT with 2 HASM stages (b), 3 HASM stages (c), 4 HASM stages (d).  

Fig. 30. The temperature distribution maps for the optimized design obtained from HASM-OPT (a), and ProHASM-OPT with 2 HASM stages (b), 3 
HASM stages (c), 4 HASM stages (d). 

Fig. 31. The geometry information for the conic-tip SM tool (a) and the flat-tip SM tool (b).  
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of the optimized structures do not exhibit significant variations when alternative tools are employed. Moreover, the performances of 
these structures are quite similar, with thermal compliance values of 327.8891J, 321.3293J, and 318.440J. 

However, certain differences emerge at local areas due to the varying shape of the tool tip, as depicted in Fig. 33. For instance, in the 
case of using the flat tool, it fails to produce the internal hole’s sharp corner features that appear in other designs. This phenomenon 
arises from the fact that the flat-shaped tool tip cannot reach the sharp corners at the bottoms of the deep holes. 

Fig. 32. The optimized designs obtained from HASM-OPT with the conic SM tool (a) and the flat SM tool (b).  

Fig. 33. The certain geometry at local areas due to the varying shape of the conic SM tool (a) and the flat SM tool (b).  
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5.1.5. The effect of AM tool collision constraint 
In this Section, the effect of AM tool collision constraint is discussed. A new ProHASM-OPT case with three HASM stages and three 

SM tool orientations is provided here. In this case, the optimization model does not contain the AM tool collision constraint shown in 
Eq. (23), and its corresponding optimized design is illustrated in Fig. 34 (a). 

As observed from Fig. 34, when the AM collision constraint is not involved, the material distributions for Fig. 34 (a) and (b) exhibit 
remarkable similarity. However, there are notable distinctions for the interface shape between the HASM subdivisions. In particular, 
abrupt transitions are observed between different HASM subdivisions in Fig. 34 (a). As the result, collisions are identified between the 

Fig. 34. The optimized design obtained from ProHASM-OPT for 3 stages without/with AM collision constraint.  

Fig. 35. The boundary condition and tool direction information for the 3D heat conduction example (a); and the geometries of the SM tool (b) and 
AM tool (c) in this case. 
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AM tool and the pre-existing structure. 

5.2. 3-D example 

The 3D numerical example is also a heat conduction problem as shown in Fig. 35 (a), whose sizes are defined with L = 100mm, W =
100mm, H = 100mm. The build direction is bottom-up. A mesh with 100 × 100 × 100 cubic elements of size 1mm × 1mm × 1mm is 
employed to discretize the design space. The mass fraction constraint for the structure is set to 25%. 

In this example, the ProHASM-OPT optimization scheme with 3 HASM stages and 5 SM tool directions is under consideration. The 
shape information for both the SM tool and AM tool can be found in Fig. 35 (a) and (b). Fig. 37 (c) displays the geometric topology of 
the optimized structures, with the final thermal compliance of 116.742J. Meanwhile, the results obtained from AM-OPT and HASM- 
OPT are provided in Fig. 37 (a) and (b), and their final thermal compliance is 66.132J and 156.992J, respectively. 

The temperature distribution maps from the three optimization schemes are displayed in Fig. 37. It can be seen that the structural 
performance of AM-OPT is the best, followed by ProHASM-OPT, while HASM-OPT performs the worst. This phenomenon is consistent 
with the results obtained in the previous 2D cases. Meanwhile, the cross-sectional views of the three results are displayed in Fig. 37. It 
can be observed that in the case of AM-OPT, the geometric complexity is the highest among the three schemes. However, as a 
consequence, many geometric features cannot be processed due to the inaccessibility of the cutting tool. Compared to HASM-OPT, 
ProHASM-OPT generates more intricate geometric features. Furthermore, in the top region of the structure, ProHASM-OPT can 
generate deeper geometric features. While for HASM-OPT case, such kind of geometry cannot appear due to the constraints imposed by 
the cutting tool’s depth and shape. 

Finally, historical data on the convergence of ProHASM-OPT is presented in Fig. 38. The optimization process terminates after 250 
iterations. At this point, the objective function value has reached a stable state, and the multi-stage SM accessibility constraint, AM 

Fig. 36. The optimized design obtained from ProHASM-OPT with 3 stages and 5 SM tool directions.  
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collision constraint, and volume fraction constraint has all been substantially satisfied. 

6. Experiment validation 

HASM technique is mainly developed for metal parts. However, the DED-type metal 3D printing is coupled with complicated 
thermal-fluid-mechanical issues, causing cracks, over-distortion, insufficient height, interface bulge, etc. Hence, performing manu
facturability validation based on metal HASM is associated with tedious process fine-tuning and high cost. Since the geometric 
accessibility and self-support issue is focused, we modify a small-sized 5-axis subtractive machine tool [31] by adding a switchable 
material extrusion module to 3D print plastic materials of PLA. Hence, the geometric validation can be conducted in a low cost manner 
while the effectiveness would not be compromised. The reinstalled machine tool and the additive-subtractive manufacturing process 
are demonstrated in Fig. 39. 

To achieve the high surface precision by SM finishing, the structures produced by additive manufacturing are intentionally 
thickened than the designed structures (i.e., the dilated version ρd). The difference between ρd and ρ indicates the materials that need 
to be removed through SM at each process stage. The results obtained from ProHASM-OPT optimization with 3 HASM stages and 5 SM 
tool directions (Fig. 36 (c)) is fabricated by the machine. The produced prototype is depicted in Fig. 40 (a) for which the part is 
successfully manufactured without encountering cutting tool interference. The results prove that the structure designed from our 
method is geometrically compatible to hybrid manufacturing. In comparison with Fig. 40 (b), a pure AM result, the hybrid manu
factured part surface eliminates the stair case textures and also removes the local material accumulations due to deposition path 
turnings. Hence, the surface quality improvement is visibly identified. It is also noted that the prototype surface does not exhibit a 
completely smooth finish that, interfacial gaps can be seen due to transiting the build directions. This is an issue related to multi-axis 
material extrusion that would not appear in laser-based metal AM. 

The overall machining process is illustrated in Fig. 41, including three HASM stages. The majority of the solid part is processed at 
the first two stages, with 32.7 % completed after the first stage and 81.5 % after the second stage. In order to maximize the usable 
workspace and prevent collisions, the cutting tools for subtractive operations during the additive phase will be manually removed. 
Given that the tools have fixed positions of installation, the time required for their removal and reinstallation is minimal, and there is 

Fig. 37. The temperature distribution maps (top row), and the cross-sectional views maps (bottom row) for the designs in Fig. 37 (a)–(c).  
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no need for additional positioning calibration. 
The CNC system utilized only allows for open/close operations to control the extruder. Consequently, we cannot perform retraction 

by reversing the extruder, leading to noticeable stringing during idle travel and subpar surface quality in the additive process. It is 
worth noting that this issue does not impact the final machining result, as any defects can be readily addressed during the subsequent 
subtractive steps. This, to some extent, emphasizes the value of HASM. 

7. Conclusion 

In this work, we have introduced a novel design approach for HASM-oriented topology optimization. This method effectively 
enables the synergistic optimization of structure and fabrication process plan, ensuring that the designed results can be successfully 
manufactured by HASM machines. Based on numerous numerical trials, we can draw the following conclusions: 

Fig. 38. The historical data of convergence information for the 3D ProHASM-OPT case.  

Fig. 39. The reinstalled machine tool and the additive-subtractive manufacturing process.  
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1. The proposed series of HASM-oriented geometric constraints can robustly prevent the designed structure and fabrication process 
plan from encountering issues related to subtractive tool inaccessibility and additive nozzle collision. These constraints also involve 
factors such as tool geometry and cutting depth that make them practically flexible.  

2. New HASM-oriented geometric constraints introduced in this work are incorporated into the optimization process in the form of 
explicit volume constraints (subtractive accessibility constraint & additive collision-free constraint). As a result, this method can 
easily be extended to address other physical optimization objectives.  

3. Compared to pure AM, parts produced using HASM exhibit higher dimensional accuracy and surface quality.  
4. In contrast to designs aimed at single-step HASM processing, the designs obtained through the proposed method exhibit improved 

structural performance. 

These findings highlight the effectiveness and advantages of our proposed approach for HASM-oriented design optimization. 
However, we must acknowledge that this work still has limitations, including:  

1. Limited to 3-axis AM: The proposed method does not account for multi-axis AM. It defaults to the traditional bottom-up stacking 
approach, which, to a certain extent, restricts the degrees of design freedom.  

2. Geometric constraints only: The method primarily considers geometric constraints, and it does not take into account the thermal- 
fluid-mechanical phenomena that may occur during the AM process, such as residual deformations and interfacial bulges.  

3. Fixed number of HASM stages: In this method, the number of HASM stages cannot be optimized and must be predetermined. 
4. All presented results are likely to be local optima, given the nonlinear, non-convex and large-scale nature of the involved opti

mization problems. 
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