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• Explicit B-spline-driven framework for 
concurrent topology and fiber-path 
design.

• Spatially varying fiber density is 
enabled by local and global control.

• Path manufacturability ensured through 
proposed geometric constraints.

• Effective trade-off among stiffness, fiber 
density, and fiber usage.
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A B S T R A C T

This paper proposes a B-spline-driven topology and fiber-path optimization framework for 
continuous fiber-reinforced composites (CFRCs). The structural layout is represented by multiple 
variable-width B-spline components, and continuous fiber paths are generated as iso-contours of a 
scalar field induced by these components. An additional spacing-control field is introduced to 
enable spatially varying path spacing and reinforcement allocation. To improve manufactur
ability, two process-oriented constraints are incorporated: a non-self-crossing constraint imposed 
on the control polygon of each component to prevent geometric artifacts caused by self- 
intersection, and an attachment constraint that progressively promotes smooth coupling be
tween neighboring B-spline components, thereby producing more coherent fiber paths. In 
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addition, local and global fiber-content constraints are introduced to control fiber spacing and 
overall fiber usage. The resulting iso-contour directions and analytically evaluated local fiber- 
density indicators are mapped to orthotropic effective material properties through a 
homogenization-based constitutive model. Adjoint sensitivities of the objective function and all 
constraints are derived with respect to the parametric design variables. Numerical examples show 
that the proposed method successfully generates optimized structures with continuous and 
manufacturable fiber paths, while full-scale simulations further verify their mechanical effec
tiveness: in the stiffness-oriented cases, the optimized-path design reduces the maximum and 
average displacements by up to 32.41% and 31.00%, respectively, compared with the reference 
fiber layouts; in the compliant-mechanism case, moderate fiber reinforcement increases the 
output displacement by 1.10% relative to the over-reinforced case, highlighting the trade-off 
between reinforcement and flexibility.

1. Introduction

Continuous fiber-reinforced composites (CFRCs) have attracted increasing interest in lightweight structural applications owing to 
their high specific stiffness and tailorable anisotropy [1,2]. Their mechanical performance depends critically on the continuity and 
spatial arrangement of deposited fiber trajectories, making fiber path design a primary driver of achievable reinforcement [3–6]. 
Recent advances in additive manufacturing further expand this design space by allowing fiber to be placed more freely along desired 
trajectories and enabling the concurrent design of structural topology and continuous fiber paths to more effectively utilize the 
reinforcement potential of CFRCs [7–10].

To fully exploit the potential of CFRCs, an effective design methodology must optimize structural topology and fiber paths within a 
unified framework. Topology optimization (TO) has matured over the past decades, yielding a broad class of approaches, including 
density-based methods [11], level-set methods [12,13], Bi-directional evolutionary structural optimization (BESO) method [14], and 
geometric parameterization schemes such as moving morphable components (MMC) method [15,16] and feature-driven method [17]. 
In parallel, additive manufacturing has stimulated the development of process-aware TO formulations that more closely connect 
structural design with fabrication constraints [18–23]. In the context of additively manufactured CFRCs (shown in Fig. 1), this trend 
naturally extends the design problem from pure structural layout optimization to the concurrent design of topology and reinforcement 
paths [24–29].

Current research on TO for CFRCs can be broadly classified into two categories according to how fibers are represented during 
optimization: discrete orientation representation and continuous path representation [30–32]. In the first category, the composite is 
usually modeled as an anisotropic material, and the local fiber direction is optimized on an element-wise basis. Representative ap
proaches include the Solid Orthotropic Material with Penalization (SOMP) framework, in which fiber orientation is treated as a design 
variable coupled with the material distribution. For example, Yang et al. [33] developed a modified 3D SOMP TO method for CFRC 
shell structures under manufacturing constraints. Hou et al. [34] further proposed a curved-path-constrained SOMP (CPC-SOMP) 
formulation that incorporates fiber-path curvature effects into effective material properties. In parallel, Meng et al. [35] adopted SOMP 
in a concurrent optimization framework for simultaneously optimizing structural topology and fiber deposition paths under dynamic 
loads.

Another representative approach within discrete orientation representation is discrete material optimization (DMO), where 
multiple candidate fiber orientations are modeled as distinct material phases and interpolated to enable gradient-based optimization. 
In this line, Wu et al. [36] applied DMO to the orientation optimization of a composite laminate and demonstrated its effectiveness 
under multiple loading conditions. Ding and Xu [37] further extended this idea to a discrete–continuous setting by combining discrete 
material interpolation with continuous angle refinement. Similar discrete orientation treatments have also been used in ESO-based 
formulations [38,39]. More recently, machine-learning-based TO frameworks have also adopted related representations. For 
example, Liu et al. [40] developed a neural co-optimization framework in which structural topology, manufacturable layers, and path 
orientations are represented by implicit neural fields, while Chandrasekhar et al. [41] proposed FRC-TOuNN to simultaneously 
optimize matrix topology and fiber distribution using a mesh-independent representation.

Despite their effectiveness, discrete orientation representation faces persistent challenges in enforcing spatial continuity and 

Fig. 1. Schematic illustration of an additively manufactured CFRCs MBB (Messerschmitt–Bölkow–Blohm) beam, showing the structural matrix 
domain and the embedded continuous fiber paths.
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manufacturability of the orientation field. In practice, fiber deposition requires smooth, continuous trajectories, whereas element-wise 
orientation optimization often produces noisy fields and fragmented patterns that must be repaired through additional filtering 
[42–44], constraints [45–47], or post-processing [48]. Moreover, an optimized orientation field does not directly define a realizable 
toolpath, because a manufacturable continuous-fiber layout is inherently a global curve network subject to continuity, curvature, 
start/stop, and path-interaction constraints. Accordingly, several studies have attempted to bridge this gap by transforming discrete 
orientation information into continuous fiber trajectories [49–51]. For example, Wang et al. [52] proposed a stress-vector-tracing 
algorithm to generate continuous printing paths with variable spacing. Papapetrou et al. [53] developed an Equally-Space method 
(EQS) that concurrently considers structural topology and fiber paths to obtain variable-stiffness continuous-fiber designs. Liu et al. 
[54] further proposed a stress-driven infill mapping approach, where fiber paths are aligned with local stress vectors. However, such 
post-processing strategies for transforming discrete orientation fields into continuous paths still tend to introduce mismatches between 
the desired local fiber orientations and the resulting continuous fiber trajectories. Consequently, the TO process cannot directly employ 
material properties that are fully consistent with the final post-processed continuous fiber paths. Furthermore, because the path 
generation is performed sequentially after TO, manufacturing capabilities and constraints cannot be incorporated explicitly and 
directly into the optimization process.

The second category focuses on continuous path representation, which is more directly connected to fabrication because it pro
duces printable trajectories during optimization. In this category, Li et al. [55] developed a collaborative TO framework in which 
structural topology and continuous fiber paths are co-designed through a level-set description of the geometry and a parameterized 
stream function for the fiber trajectories. In subsequent work, they proposed an efficient parallel framework [56] and further extended 
it to three-dimensional problems [57]. Xu et al. [58] proposed a TO method for additive manufacturing of CFRP structures based on an 
RBF-based level-set formulation, while Ho-Nguyen-Tan et al. [59] combined anisotropic TO and 3D printing to generate tailored 
continuous carbon-fiber paths directly from optimized structural boundaries.

In addition to these formulations, full-scale approaches have also been developed to represent continuous fiber paths explicitly 
[60]. For example, Li et al. [61] proposed a full-scale TO method for the concurrent design of structural topology, continuous fiber 
paths, and fiber morphology, including fiber volume, spacing, and thickness. Ren et al. [62] developed a full-scale concurrent opti
mization framework for structural topology and toolpath design in CFRC additive manufacturing, and later extended it to a 
manufacturability-aware co-design framework [63]. These studies have further advanced the integration of reinforcement-path design 
and fabrication-oriented optimization.

Among TO methodologies, explicit geometric parameterization schemes are particularly attractive because they describe structures 
by movable parameterized components that can be directly exported and reconstructed in Computer-Aided Design (CAD) environ
ments [64,65]. Recent developments have enriched this class of methods by introducing flexible CAD primitives. For example, Zhu 
et al. [66] employed moving wide Bézier components with constrained ends to improve explicit geometric representation, Shannon 
et al. [67] introduced generalized Bézier components together with successive component refinement, Zhou et al. [68,69] developed 
multi-section B-spline offset features with enhanced deformability, and Zheng and Kim [70] combined MMC with non-uniform rational 
B-splines (NURBS)-curve boundaries to achieve smoother and more flexible boundary descriptions. These formulations offer explicit 
geometric controllability and natural compatibility with CAD-based reconstruction, and they have also been extended to composite 
design problems [71,72], where discrete orientation representation is still commonly adopted (e.g., assigning a constant fiber 
orientation to each component).

Overall, research on TO for CFRCs has gradually shifted fiber representation from discrete orientation fields toward continuous 
path representations that are more consistent with practical manufacturing. However, most continuous-path formulations are still 
based on level-set methods. In such methods, the ambiguity of fiber orientation may cause sign flips in the inferred orientation field, 
which can further lead to unintended breaks, junction artifacts, or discontinuities when the level-set-derived orientation information is 
converted into continuous paths. In addition, many level-set formulations generate fiber paths essentially by inward offsetting of the 
structural boundary, so that the resulting path distribution is governed mainly by geometric boundary features rather than by the 
intrinsic mechanical demand inside the structure. Such paths may also become problematic near the peak regions of the level-set 
function, where voids or overlaps can occur and degrade the fiber infill quality. By contrast, full-scale approaches can more faith
fully capture manufacturable path details, but they usually involve much higher computational cost because detailed fiber-path ge
ometry and related design interactions must be resolved explicitly during optimization.

To bridge the gap between topology representation and manufacturable fiber paths, this work proposes a B-spline-driven topology 
and fiber-path optimization framework for CFRCs fabricated by planar continuous-fiber extrusion. In this process, a continuous fiber 
tow, either pre-impregnated or co-extruded with a polymer matrix, is deposited through a moving nozzle along prescribed in-plane 
toolpaths. Accordingly, the key manufacturability requirements emphasized in this study include the generation of continuous fiber 
paths, avoidance of self-intersection and overlap between neighboring paths, suppression of excessive sharp turns, and controllable 
local fiber content or fiber spacing.

In the proposed framework, the structural geometry is represented by multiple variable-width B-spline components. Each 
component is defined by an explicit centerline, a radius field, and a spacing-control field, which together provide direct control over 
the component geometry, the associated length scale, and the local fiber spacing or reinforcement content. The fiber paths are not 
treated as fully independent design variables, but are generated as iso-contours of the scalar field induced by these components. 
Therefore, the structural layout, component geometry, fiber-path distribution, and local reinforcement allocation are consistently 
coupled through a compact set of parametric variables. As a result, the proposed framework integrates parametric topology repre
sentation, continuous fiber-path generation, manufacturability control, and reinforcement allocation for planar continuous-fiber 
deposition.
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Compared with existing level-set-based continuous-path methods, the proposed framework provides a more explicit and compact 
geometric representation by assigning design variables to B-spline components rather than grid nodes or finite elements. This 
component-level description reduces the design-space dimension while enabling localized control of structural feature size, fiber-path 
spacing, and reinforcement distribution. Moreover, the explicit B-spline representation improves geometric interpretability and fa
cilitates CAD-compatible reconstruction. In particular, the radius field associated with each B-spline centerline provides a direct 
mechanism for length-scale control during optimization.

The remainder of this paper is organized as follows. Section 2 introduces the proposed parametric framework, including geometry 
representation, fiber-path generation, homogenized modeling, and manufacturability constraints. Section 3 presents the optimization 
formulations and the overall computational procedure. Section 4 provides numerical examples to evaluate the proposed method in 
stiffness-oriented and compliant-mechanism design problems. Section 5 presents full-scale reconstruction and finite-element verifi
cation of representative optimized designs. Finally, Section 6 concludes the paper and outlines future research directions.

2. Methodology

This section outlines the proposed 2D framework for CFRCs. Variable-width B-spline components are first constructed to provide a 
parametric description of the structural geometry. Continuous fiber paths are then generated by iso-contour extraction from a distance- 
induced scalar field and mapped to effective material properties through a homogenization-based constitutive model. Finally, 
manufacturing constraints are introduced to ensure printable reinforcement layouts.

Fig. 2. Construction of a variable-width B-spline component and the associated continuous-fiber path field. (a) A B-spline centerline defined by the 
control points. (b) Graphical illustration of the variable-radius sweep level-set function in Eq. (6), where the highlighted zero contour defines the 
component boundary. (c) Continuous fiber trajectories represented by iso-contours inside the component. (d) The geometry-induced scalar field ϕm, 
and (e) spacing-controlled scalar field ψm. (f) Multi-component coupling.
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2.1. Parametric geometry and field construction

From each parametric B-spline component, two scalar fields are generated: a scalar field ϕm for implicit geometry representation 
and a companion field ψm for continuous fiber path extraction. Since the proposed method employs multiple B-spline components, the 
subscript m is used to denote the m-th B-spline component. The overall procedure is summarized in Fig. 2.

As shown in Fig. 2(a), the B-spline centerline is defined by: 

P m(ξ) =
∑np

i=1

B
(pp)
i (ξ)Ci,

{
Ci ∈ R2 | i = 1, 2,3,…,nsp

}
,

(1) 

where B (pp)
i (ξ) denotes the i-th B-spline basis function of degree pp, defined over a non-decreasing knot vector, and ξ is the curve 

parameter and takes values in [0 1]. np is the number of control points. The control points Ci determine the geometric shape of the 
curve, while the basic functions provide local support and guarantee smoothness up to Cpp − 1 continuity. This formulation enables 
compact and flexible parametric representation widely used in geometric modeling, CAD, and isogeometric analysis. In particular, B- 
splines form the polynomial basis of the more general NURBS, which are standard in CAD systems.

To construct a solid region from the 1D centerline, a spatially varying radius (half-width) field Rm(ξ) is introduced, also param
eterized by a 1D B-spline: 

Rm(ξ) =
∑nr

j=1

B
(pr)
j (ξ)rj,

{
rj ∈ R | j = 1,2, 3,…,nr

}
,

(2) 

where rj are the control variables correspond to the local cross-sectional radius, and nr is the number of control points. The basic 
functions B (pr)

j (ξ) provide compact support and Cpr − 1 continuity, ensuring a smooth transition of the radius along the entire channel. 
Moreover, since B j(ξ) ≥ 0 and 

∑
jB j(ξ) = 1, Rm(ξ) is a convex combination of rj, which implies 

Rm(ξ) ∈
[
min

(
rj
)
,max

(
rj
)]
. (3) 

A minimum feature size can be enforced through simple bound constraints rj ≥ rmin.
After obtaining the B-spline centerline, for any spatial point x ∈ Ω⊂R2, the closest parametric coordinate on the centerline is 

defined by 

Ξm(x) = arg min
ξ∈[0,1]

1
2
‖ x − P m(ξ)‖2, (4) 

and the corresponding Euclidean distance to the centerline is: 

Dm(x) =‖ P m(Ξm(x)) − x ‖ . (5) 

The m-th component geometry is implicitly represented by a variable-radius sweep level-set function: 

ϕm(x,R) = Rm − γDm(x). (6) 

where γ is a numerical distance-scaling factor introduced to make γD comparable to Rm and improve the conditioning of the geometric 
representation. As illustrated in Fig. 2(b), the zero contour ϕm = 0 defines the boundary of the swept B-spline component, with ϕm > 0 
representing the solid region and ϕm < 0 representing the void region. The spatial distribution of ϕm is further shown in Fig. 2(d), 
which provides the basis for the subsequent fiber-path field construction.

Since the solid geometry is generated by sweeping a variable radius along the B-spline centerline, its iso-contours naturally form 
continuous fiber trajectories aligned with the local structural features. However, constant-level contour extraction produces nearly 
uniform path spacing and limits local reinforcement control. To enable spatially varying fiber spacing, an additional spacing-control 
field Sm(ξ) is introduced along the centerline, as shown in Fig. 2(c): 

Sm(ξ) =
∑ns

j=1

B
(ps)
j (ξ)sk,

{sk ∈ R | k = 1,2, 3,…,ns},

(7) 

where sk are design variables controlling the local magnitude of the scalar-field gradient (and thus the path spacing). Extending S from 
the parametric coordinate to the spatial domain via the closest-point map gives: 

Sm(x, s) = Sm(Ξm(x), s). (8) 

The fiber path field is then defined as 
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ψm(x, r, s) = ϕm(x, r)Sm(x, s). (9) 

Importantly, multiplying by Sm(x, s) does not change the zero-level set (i.e., ψm(x) = 0 ⇔ ϕm(x) = 0), and therefore does not alter 
the structural boundary, and fiber trajectories extracted as iso-contours of ψm can be restricted to the interior of the solid region, 
ensuring that the generated paths are embedded within the manufactured structure. As illustrated in Fig. 2(e), the resulting field ψm 
locally adjusts the iso-contour spacing while maintaining continuous fiber trajectories within the solid region.

For a design consisting of M components, the assembled geometry and fiber path fields are constructed using a max-operator: 

ϕ(x, r, s) = max(ϕ1,ϕ2,…,ϕm,…,ϕM),

ψ(x, r, s) = max(ψ1,ψ2,…,ψm,…,ψM). (10) 

This choice is consistent with the sign convention in Eq. (6). Fig. 2(f) provides an illustrative example of the max-based coupling for 
two components. To ensure differentiability required by gradient-based optimization, the non-smooth max-operator in Eq. (10) is 
replaced by a Kreisselmeier–Steinhauser (KS) aggregation. Specifically, for a set of component fields, the assembled field is approx
imated as: 

ϕ(x, r, s) = KSmax(ϕ1,ϕm,…,ϕM) =
1
β

ln

(
∑M

m=1

(
eβϕm

)
)

, (11) 

where β > 0 controls the tightness of the approximation to the maximum. As β→∞, ϕ(x, r, s) approaches the maximum, while for finite 
β it remains smooth and differentiable.

The computational domain is discretized using a background mesh of bilinear quadrilateral elements. The implicit description is 
converted to a 0− − 1 material distribution via a Heaviside mapping. For an element with centroid xe, we define 

ρe = H̃(ϕ(xe)), (12) 

where ρe ∈ [0, 1] indicates the presence of material in element e (ρe = 1 for solid and ρe = 0 for void). H̃( ⋅ ) is a differentiable 
approximation of the Heaviside function, 

H̃(ϕ) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

1 if ϕ > Δ,

3(1 − α)
4

(
ϕ
Δ
−

ϕ3

3Δ3

)

+
1 + α

2
if − Δ ≤ ϕ ≤ Δ,

α otherwise,

(13) 

where Δ is the parameter to control the magnitude of the smoothing interval. α is taken as a very small positive number to avoid the 
singularity of the stiffness matrix.

2.2. Homogenized fiber model construction

After obtaining the continuous fiber path field, an orthotropic constitutive model is constructed through a homogenization pro
cedure. As shown in Fig. 3, the local fiber direction is derived from the iso-contour tangent direction, while the local fiber-density 
indicator is analytically evaluated from the component-wise spacing-control fields and KS ownership weights.

Fig. 3. Continuous fiber-path generation and construction of the homogenized fiber model. (a) Normalized assembled scalar field ψ̃ and the 
extracted iso-contours. (b) Filtered scalar field ψ̃ and the corresponding smoothed iso-contours after applying the scalar-field smoothing operation. 
(c) Evaluation of local field quantities, including the scalar-field gradient, analytical fiber-density indicator, and fiber direction, followed by the 

construction of the homogenized fiber-reinforced material model from the local fiber density and orientation. (Note: (∇ψ̃⊥
denotes the vector 

orthogonal to ∇ψ̃, i.e., a 90◦ rotation in 2D.).
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2.2.1. Fiber-path field evaluation
To obtain a dimensionless scalar field and make the field variation comparable across different mesh resolutions, the assembled 

fiber-path scalar field ψ is normalized as: 

ψˉ (x) = ψ(x)
γh

, (14) 

where h is the background element size and γ is the distance-scaling factor introduced in Eq. (6).

As shown in Fig. 3(a), the iso-contours directly extracted from ψˉ may exhibit local sharp turns. This is mainly caused by the ridge- 
type structure of the distance-induced scalar field near the B-spline skeleton. In this region, the one-sided gradient directions on the 
two sides of the skeleton may be opposite, and the curvature evaluation of the implicit contour field can become numerically ill- 
conditioned. To alleviate this local non-smoothness and obtain smoother fiber paths, a normalized convolution smoothing opera
tion is applied to the normalized assembled scalar field: 

̃
ψˉ = H (ψˉ ), (15) 

where H denotes a normalized convolution-type smoothing operator. As demonstrated in Fig. 3(b), this scalar-field smoothing reduces 
sharp turns caused by the ridge-type distance-field representation while preserving the overall topology and the contour-based fiber- 
path generation mechanism.

The spatial gradients of the smoothed scalar field at the centroid of element e are evaluated as 

φx =
∂
̃
ψˉ

∂x
, φy =

∂
̃
ψˉ

∂y
. (16) 

The continuous fiber paths are then extracted as iso-contours of 
̃
ψˉ . Since ∇

̃
ψˉ is normal to an iso-contour, the local fiber direction is 

naturally defined as the tangent direction of the iso-contour. Therefore, the corresponding fiber angle is computed as: 

θe = atan2
(
− φx,φy

)
, (17) 

It should be noted that the local fiber-density indicator is not evaluated from the numerical gradient magnitude of the assembled 
scalar field. Otherwise, opposite one-sided gradients near the B-spline skeleton may cancel under central-difference-type numerical 
evaluation, leading to a nonphysical near-zero fiber-density band, as illustrated in Fig. 3(c). To avoid this artifact, the fiber-density 
indicator is evaluated analytically from the component-wise spacing-control fields used in Eq. (9).

For a point x influenced by multiple B-spline components, the contribution of each component is determined by the same KS 
aggregation used for the assembled fiber-path field. Specifically, the soft ownership weight of the m-th component is defined as 

wm =
eβψm(x,r,s)

∑M
i=1eβψi(x,r,s)

, (18) 

where β is the KS aggregation parameter. The local fiber-density indicator is then defined as the weighted contribution of all 
component-wise spacing-control fields: 

f =
∑M

m=1
wmSm(x, s). (19) 

With this definition, the fiber-density indicator at each point is mainly governed by the dominant component while remaining 
smooth and differentiable in regions where multiple components overlap. It should also be noted that small gaps may still appear after 
de-homogenization, since a finite solid region may not always accommodate an integer number of discrete filament paths with the 
prescribed spacing [58].

2.2.2. Orthotropic constitutive interpolation
Given θe and fe, each element is modeled as an orthotropic lamina whose principal material axis aligns with the fiber direction. The 

effective engineering constants in the local material coordinates are obtained by a mixture rule [73]: 
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

E1,e = Ef
1fe + Em

1 (1 − fe),

E2,e = Ef
2Em

2

/(
Em

2 fe + Ef
2(1 − fe)

)
,

G12,e = Gf
12Gm

12

/(
Gm

12fe + Gf
12(1 − fe)

)
,

v12,e = vf
12fe + vm

12(1 − fe),

v21,e =
(
E2,e
/
E1,e
)
v12,e.

(20) 

Under plane stress, the local compliance matrix is: 
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D0
e =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

E1,e

1 − ν12,eν21,e

ν12,eE2,e

1 − ν12,eν21,e
0

ν21,eE1,e

1 − ν12,eν21,e

E2,e

1 − ν12,eν21,e
0

0 0 G12,e

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (21) 

The constitutive matrix in the global coordinates can be calculated via: 

D0
e,θ(θe) = T(θe)

TD0
e T(θe), (22) 

where T(θ) is the rotation matrix. Finally, the effective constitutive matrix is interpolated as: 

De = ρp
e D0

e,θ(θe), (23) 

and the element stiffness is assembled as: 

ke =

∫

Ωe

BTDeBdΩ, (24) 

with B denoting the strain–displacement matrix. Assembling the elemental stiffness matrices ke over all elements produces the global 
stiffness matrix K, thereby completing the finite-element discretization of the orthotropic CFRCs constitutive response induced by the 
optimized fiber path field.

2.3. Manufacturability constraints

During optimization, the movement of B-spline control points may introduce artifacts into the induced fiber-path field. Fig. 4 il
lustrates the manufacturability-related constraints considered in this work. As shown in Fig. 4(a), self-intersection of a B-spline 
component may produce an invalid component skeleton and introduce geometric artifacts into the induced scalar field. To avoid this 
issue, the non-self-crossing constraint is imposed on the control polygon. The sampling points and admissible point pairs used to 
evaluate this constraint are illustrated in Fig. 4(b).

In addition, when neighboring B-spline components become nearly touching without proper attachment, irregular local contours or 
spurious loops may appear in the extracted fiber paths, as shown in Fig. 4(c). Therefore, an attachment constraint is introduced to 

Fig. 4. Schematic illustration of the proposed manufacturability constraints. (a) Self-intersection of a B-spline component and the resulting geo
metric artifact. (b) Sampling on the control polygon and enlarged view of admissible point pairs used to define the non-self-crossing constraint. (c) 
Artifacts arising when neighboring B-spline components become nearly touching without proper attachment. (d) Sampling on the B-spline cen
terlines and enlarged view of admissible point pairs used to define the attachment constraint.
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promote smooth connection between neighboring components. Fig. 4(d) illustrates the sampling strategy on the B-spline centerlines 
and the admissible point pairs used to define the attachment constraint.

2.3.1. Non-self-crossing constraint formulation
To prevent self-intersection, a non-self-crossing constraint is imposed on the control polygon of each B-spline component. For a 

component with control points Ci, the control polygon consists of the following line segments: 

S i = CiCi+1, i = 1,…,np − 1. (25) 

On each segment S i, we sample Nseg points using a uniform set of parameters tz ∈ [0, 1] (see Fig. 4(b)): 

pi,z = (1 − tz)Ci + tz Ci+1. (26) 

To avoid penalizing the inherent proximity of neighboring polyline segments, we only consider point pairs whose underlying 
segments are non-adjacent: 

A m =
{
(i, j)

⃒
⃒1 ≤ i

〈
j ≤ np − 1,

⃒
⃒i − j

⃒
⃒
〉
1
}
. (27) 

For each admissible pair (i, j) ∈ A m, define the distance (see Fig. 4(b)) and violation 

dij = ‖ pi − pj ‖, vij = dmin − dij, (28) 

where dmin is the prescribed minimum separation. Enforcing vij ≤ 0 for all admissible pairs prevents self-intersection and maintains a 
minimum geometric clearance of the control polygon. To obtain a single constraint per component, vij is aggregated using the KS 
function: 

gself
m = KSmax

(
vij
)
− ε ≤ 0,m = 1,…,M, (29) 

where ε is a small inactive margin, set to 10− 6 in this paper.

2.3.2. Attachment constraint
To alleviate artifacts arising when neighboring components become nearly tangent, nearly touching, or weakly overlapping, an 

attachment constraint is introduced to promote geometrically consistent attachment between neighboring components. For each 
component m, Natt parametric locations ξz ∈ [0,1]are sampled along its centerline B-spline P m. The corresponding physical point is 

pm,z = P m
(
ξm,z
)
, z = 1,…,Natt. (30) 

Unlike the non-self-crossing constraint, which samples the control polygon to obtain a direct and explicit dependence on the control 
point design variables, the attachment constraint samples points on the B-spline centerline, enabling more accurate control of the B- 
spline geometry. For each pm,z, its distance to any other component n ∕= m is evaluated through the closest-point projection defined in 
Eq. (4): 

ξn,z = Ξn
(
pm,z

)
, (31) 

and the corresponding Euclidean distance is (see Fig. 4(d)): 

dm,n,z =‖ P n
(
ξn,z
)
− pm,z ‖ . (32) 

Let Rm
(
ξm,z
)

and Rn
(
ξn,z
)

be the local half-widths of components m and n at the corresponding parametric coordinates. An overlap 
indicator is defined 

ϱm,n,z = Rm
(
ξm,z
)
+ Rj

(
ξn,z
)
− dm,n,z, (33) 

where ϱm,n,z is an overlap indicator for the solids generated by components m and n at sample z. When overlap is detected, coincidence 
of the two center B-spline curves is desired at this sample, particularly when the two centerlines are nearly parallel.

To allow sharp crossings and junctions in the interior, a tangent-compatibility condition for non-endpoint samples is also imposed. 
The unit tangents are 

tm
(
ξm,z
)
=

P ʹ
m

(
ξm,z
)

‖ P
ʹ
m
(
ξm,z
)
‖
, tn
(
ξn,z
)
=

P ʹ
n

(
ξn,z
)

‖ P
ʹ
n
(
ξn,z
)
‖
. (34) 

Then, 

σm,n,z =
⃒
⃒tT

mtn
⃒
⃒ − cos(ω), (35) 

where ω is a prescribed angular threshold. Hence, σm,n,z>0 indicates that the two tangents are aligned within ω (allowing both co- 
directional and anti-directional alignment). For endpoint samples (ξ=0 or 1), the tangent constraint can be omitted to allow endpoint 
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attachment more flexibly. To combine proximity and angle requirements in a differentiable manner, a smooth approximation of the 
minimum is used again: 

μm,n,z = − KSmax
(
− ϱm,n,z, − σm,n,z

)
, (36) 

while for endpoint samples we simply take μm,n,z = ϱm,n,z.
The attachment constraint is intended to be active only when two components are likely to overlap and their centerlines are nearly 

parallel, i.e., when the interaction indicator μm,n,z becomes positive. To preserve differentiability, a smooth gate function Gm,n,z∈[0,1] 
is introduced using the Heaviside approximation in Eq. (13), 

Gm,n,z = H̃
(
μm,n,z

)
, (37) 

where Gm,n,z = 0 implies that the pair (m, n) is inactive, while Gm,n,z=1 indicates an active candidate for attachment.
For an active pair, we enforce a target attachment distance datt through 

ηm,n,z = Gm,n,z
(
dm,n,z − datt

)
, (38) 

so that ηm,n,z ≤ 0 encourages the interacting components to “snap” into a consistent attachment configuration (distance not exceeding 
datt), which empirically suppresses ridges and improves the smoothness of the assembled fiber field. Since multiple neighboring 
components may exist, we aggregate 

{
ηm,n,z

}

n∕=m into a single per-sample scalar: 

gm,z = KSmax
( {

ηm,n,z
}

n∕=m

)
, (39) 

Finally, one constraint per component m by averaging over all samples is formulated: 

gconn
m =

1
Natt

∑Natt

z=1
gm,z − ε ≤ 0,m = 1,…,M. (40) 

2.3.3. Fiber-content constraints
To control printability and material usage, two fiber content constraints are imposed. To ensure that these constraints act only on 

the solid phase, we mask the fiber content by the physical density ρe and define the effective (solid phase) fiber content as: 

f̃ e = ρefe. (41) 

2.3.3.1. Local maximum fiber density constraint. To prevent excessive local reinforcement (which may violate manufacturability or 
lead to overly dense paths), the maximum effective fiber content is constrained. A differentiable global maximum approximation of ̃f e 
is constructed via a p-norm: 

f̃max =

(
∑Ne

e=1
f̃

pn

e

)1/pn

, (42) 

where pn > 1 is the aggregation exponent that controls the tightness of the max-approximation, and the constraint is written as 

gloc =
f̃max

f0
− 1 ≤ 0, (43) 

where f0 is the prescribed upper bound on the effective fiber content.

2.3.3.2. Global fiber-usage constraint. Due to the high cost of continuous fibers, it is desirable to limit the overall fiber usage. 
Accordingly, a global usage constraint is imposed: 

f =
1

NV0

∑N

e=1
f̃ e, (44) 

where N denotes the number of background elements, V0 is the prescribed maximum volume fraction, and the corresponding 
constraint is defined as 

gglob =
f
Vf

− 1 ≤ 0, (45) 

where Vf is the allowable global fiber volume.
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3. Optimization model formulation

To demonstrate the effectiveness of the proposed optimization framework, both stiffness-oriented and compliant-mechanism 
design problems are considered in this work. The design variables consist of the B-spline control points, the radius controls, and 
the spacing controls: 

λ =
(
Cm,i, rm,j, sm,k

)M
m=1. (46) 

For a given λ, the assembled geometry field ϕ(x) and fiber path field ψ(x) are constructed as described in Sections 2.1. The physical 
density (ρe) is obtained by the smoothed Heaviside projection, and the fiber orientation θe and fiber content indicator fe are computed 
(Section 2.2.1), which together define the orthotropic constitutive matrix De (θe,fe). The equilibrium equation is then solved to obtain 
the displacement field U. The resulting optimization problem is formulated as: 

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

find : λ
min : c(λ)

s.t.K(U)U = F,

V(ρ) ≤ V0,

gloc(λ) =
f̃max

f0
− 1 ≤ 0,

gglob(λ) =
f
Vf

− 1 ≤ 0,

gself
m
(
Cm,i
)
≤ 0,

gconn
m
(
Cm,i
)
≤ 0,

Cm,i ∈ Ωadm,

rm,j ∈ [rmin, rmax],

sm,k ∈ [smin, smax].

(47) 

Here, c(λ) denotes the objective function, V(ρ) represents the material volume fraction in the design domain, and V0 is the pre
scribed upper limit of this volume fraction. The remaining constraints of the optimization model have been introduced in the preceding 
sections.

Fig. 5 summarizes the overall workflow of the proposed framework.
Step 1: Initialization. The background mesh, projection parameters, and design variables, including the B-spline control points 

Cm,i, radius controls rm,j, and spacing controls sm,k, are initialized.
Step 2: Geometry and fiber-field construction. The scalar fields are constructed and assembled to form the structural field ϕ(x) 

and the fiber-path field ψ(x), while the non-self-crossing and attachment constraints are evaluated. The assembled geometry field is 
then projected to density variables ρ.

Step 3: Fiber model and response analysis. The gradient of the smoothed fiber-path scalar field is used to extract the fiber 
orientation, while the fiber-density indicator is analytically evaluated from the spacing-control fields and KS ownership weights. The 
orthotropic fiber model is then constructed, and finite element analysis is performed to obtain the structural response under the 

Fig. 5. Flowchart of the proposed method.
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imposed fiber-content constraints.
Step 4: Sensitivity analysis and design update. Sensitivities of the objective and constraints are evaluated, and the design 

variables are updated using the Method of Moving Asymptotes (MMA) [74]. The process is repeated until convergence, yielding the 
optimized structure and printable fiber paths.

4. Numerical examples

This section presents numerical examples to demonstrate the effectiveness of the proposed framework. The examples examine the 
initialization strategy, manufacturability constraints, fiber-content control, and applications to both stiffness-oriented and compliant- 
mechanism design problems. All computations are performed on a 12-core desktop workstation with an Intel® Xeon® W-2195 CPU at 
2.30 GHz, and the algorithm is implemented in MATLAB.

4.1. Parameter setting

Unless otherwise specified, the following parameter settings are adopted throughout numerical examples, and all examples are 
carried out in a dimensionless setting. The distance-scaling factor γ is set to 10. For each B-spline component, the radius control 
variables are initialized as rm,j=0.3 with bounds rm,j∈[0.1,1], and the spacing control variables are initialized as sm,k=0.5 with bounds 
sm,k∈[0.01,1]. The B-spline degrees for the centerline, radius, and spacing fields are set to pp = pr = ps = 3, the numbers of centerline 
control points, radius control points, and spacing control points are all set to np = nr = ns = 8.

For the non-self-crossing constraint, Nseg=10 sampling points are used on each control-polygon segment. The minimum clearance is 
defined in terms of the mesh size as dmin=3h, where h denotes the background mesh size. For the attachment constraint, Natt=20 
samples are taken along each B-spline centerline, and the tangent-alignment threshold is set to 20∘. The target attachment distance is 
initialized as datt=0.7 to suppress early attraction and is reduced by a factor of 1.5 every 30 iterations only when the attachment 
constraint is sufficiently satisfied. This continuation strategy allows the centerlines to evolve freely at the early stage and progressively 
promotes smooth merging of nearby trajectories. The local maximum bound and global usage limit are set to f0=0.5 and Vf=1, 
respectively.

In the interpolation, the penalization exponent is set to p=3. For the smoothed Heaviside projection, the smoothing width is Δ=10-1 

and the residual parameter is α=10-9, During optimization, Δ is multiplied by 0.9 every 50 iterations. The KS aggregation parameter is 
β=128, and the p-norm exponent used in the local fiber-content constraint is pn = 40. The optimization is terminated when all 
constraints are satisfied and the relative change in the objective function remains below 10− 3 for 10 consecutive iterations after the 
minimum iteration number of 180 is reached, or when the maximum number of 300 iterations is reached.

In all numerical examples, the physical design domain is embedded in a slightly larger auxiliary computational domain to avoid 
truncation of the extracted fiber paths near physical boundaries. No padding is introduced along symmetry boundaries, since they 
represent artificial cuts of the full structure and the fiber paths remain continuous after mirror reflection. The padding elements are 
treated as passive elements and are excluded from the volume constraint and structural performance evaluation. In this work, a 
padding width of 0.1 is used to prevent boundary truncation while avoiding unnecessary computational cost.

The fiber phase is modeled as an orthotropic material, while the matrix phase is assumed to be isotropic. The corresponding 
material parameters are summarized in Table 1.

4.2. MBB beam

As shown in Fig. 6(a), the MBB beam benchmark is defined on a 4.2×1.2 rectangular domain, with a centered 4.0×1.0 design 
region surrounded by a 0.1-thick non-design layer. The beam is simply supported at the two bottom corners and loaded by a unit 
downward point force at the midpoint of the top boundary. Due to symmetry in both geometry and loading, only the right half is 
optimized, with symmetry boundary conditions imposed along the vertical centerline. The domain is discretized into 220×140 bilinear 
quadrilateral elements, and the prescribed volume fraction is 0.5.

4.2.1. Initialization strategy
In geometry-driven topology optimization frameworks, the optimized layouts may exhibit notable sensitivity to the initial 

configuration of geometric descriptors. This effect is particularly pronounced in CFRCs design, where the initial fiber architecture plays 
a critical role in shaping the optimization trajectory. Similar behavior has also been observed in other topology optimization paradigms 
[55,62], where different initial geometric or orientation fields can lead to convergence toward distinct local optima. Accordingly, this 
subsection examines the impact of initialization and proposes a physically informed strategy to improve robustness and performance.

To alleviate this sensitivity, it is desirable to incorporate mechanics-based priors into the initialization process. In fiber-reinforced 

Table 1 
Material parameters.

Materials E1 E1 v12 G12

Fiber 69.4 5.5 0.33 1.9
Matrix 4.76 4.76 0.37 1.74
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structural design, aligning fibers with principal stress directions is well known to promote efficient load transfer and enhance stiffness. 
Building on this principle, a stress-streamline-based initialization strategy is adopted. As illustrated in Fig. 6(b), the procedure consists 
of three steps: (i) initializing the design domain as fully solid and performing finite element analysis to obtain the stress field; (ii) 
extracting principal-stress streamlines and selecting those seeded from the fixed boundary and loading regions to construct a physically 
informed initial layout; and (iii) generating control points of each B-spline component via equal-arc-length sampling along the selected 
streamlines.

To further assess the sensitivity of the proposed initialization, the B-spline construction parameters M, np, nr, and ns are 

Fig. 6. MBB beam benchmark and initialization study. (a) Boundary conditions. (b) Principal-stress-based initialization strategy. (c) Optimized 
structures obtained with different numbers of B-spline components: I.

(
M,np,nr,ns

)
= (4,8,6,6), II.

(
M,np,nr,ns

)
= (8,8,6,6), III.

(
M,np,nr,ns

)
=

(6,8,6,6). (d) Optimized structures obtained with different initial parameter settings: IV.
(
M,np,nr,ns

)
= (6,6,6,6), V.

(
M,np,nr,ns

)
= (6,10,6,6), 

VI.
(
M,np,nr,ns

)
= (6,8,4,6), VII.

(
M,np,nr,ns

)
= (6,8,8,6), VIII.

(
M,np,nr,ns

)
= (6,8,6,4), IX.

(
M,np,nr,ns

)
= (6,8,6,8). (e) Optimization 

results obtained using the initialization procedure suggested by Zhu et al. [66]. (f) Comparison of the compliance values. (g) Objective and 
constraint convergence histories for case V.
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systematically varied. The optimized designs and corresponding compliance values shown in Fig. 6(c) and (d) range from 15.5315 to 
15.9650. Among all cases, the configuration with the largest number of curves (M=8, Case II) achieves the lowest compliance, whereas 
that with the fewest curves (M=4, Case I) yields the highest compliance.

Parametric study also highlights the distinct roles of these parameters. Increasing M improves the coverage of dominant stress- 
transfer regions and enriches the set of admissible load paths, generally reducing compliance, although excessively large M may 
introduce redundant trajectories and increase computational cost. The parameter np controls the geometric flexibility of each B-spline 
curve; larger np enables more accurate representation of curved trajectories and tends to improve performance. The parameter nr 
governs the spatial variation of the influence radius along each trajectory and thus affects effective member thickness, while larger nr 
allows smoother thickness transitions. Finally, ns determines the resolution of the fiber-density field and increasing ns enables more 
adaptive reinforcement allocation along the trajectories, thereby further reducing compliance.

For comparison, Fig. 6(e) adopts the initialization strategy proposed by Zhu et al. [66], where the curve endpoints are fixed and the 
intermediate control points are randomly generated. In the present framework, this strategy does not yield consistent solutions, 
because the initial B-spline geometry directly determines the induced fiber-path field and the corresponding initial fiber directions. 
Consequently, different random centerlines lead to different local optima. Moreover, the resulting compliance values are all higher 
than those obtained using the proposed initialization strategy.

It should be noted that stress-streamline-based initialization is mainly suitable for single-load-case stiffness-oriented problems. For 
multiple-load-case problems, conflicting principal stress fields may introduce initialization bias if only one stress field is used. As noted 
by Zhao [75], optimized fiber orientations in multiple-load-case CFRC topology optimization are not necessarily aligned with principal 
stress directions in all elements. Possible extensions include aggregated stress fields, load-case-dependent initial components, or 
multi-start initialization to improve robustness.

The convergence behavior is illustrated in Fig. 6(g) using Case V as a representative example. The objective function decreases 
rapidly in the early iterations and then gradually stabilizes. Meanwhile, the volume, local fiber-content, non-self-crossing, and 
attachment constraints are progressively controlled within admissible levels. Although small fluctuations occur during the continu
ation update of parameters, all constraints eventually stabilize, demonstrating the stable convergence of the proposed optimization 
procedure.

4.2.2. Effect of the manufacturability constraints
This section examines the effects of the proposed manufacturability constraints on the optimized layouts and continuous fiber 

paths, particularly in terms of geometric regularity, continuity, and manufacturability. As shown in Fig. 7(a), all studies in this section 
are conducted using the same initial B-spline layout.

Fig. 7(a) illustrates how the lower bound on the component radius rmin, controls the geometric length scale of the optimized layout. 
With γh=0.05, rmin=0.1 corresponds to a minimum member diameter of 2rmin=0.2, approximately four elements, as highlighted by the 
red circle. As rmin increases from 0.1 to 0.3, this chord becomes progressively thicker, demonstrating the expected length-scale reg
ularization effect. When rmin=0.4, the implied minimum diameter 2rmin=0.8 (16 elements) becomes comparable to the local spacing 
between neighboring members near the support, causing the chord to merge with adjacent members into a thicker fused load path.

Fig. 7. Effect of the proposed manufacturability constraints. (a) Length-scale control through the lower bound on the radius variables rm,j. (b) Non- 
self-crossing constraint under different minimum-distance settings. (c) Attachment constraint under different parameter settings.
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Fig. 7(b) compares the results without and with the proposed non-self-crossing constraint and illustrates the effect of the minimum 
separation distance dmin. Without the non-self-crossing constraint, several B-spline trajectories intersect in the region highlighted by 
the red circle, leading to crowded fiber paths, ambiguous local orientations, and disturbed fiber-content distributions. When the non- 
self-crossing constraint is imposed, these intersections are progressively suppressed by enforcing a minimum distance between 
neighboring trajectories. A small value (dmin = 0.005) removes most crossings but still allows local bundling, whereas larger values 
(dmin = 0.015) produce increasingly clearer and more regularized fiber layouts.

Fig. 7(c) evaluates the effectiveness of the attachment constraint. As observed from the cases without the attachment constraint in 
Fig. 7(b), local drifting and weak coherence between neighboring trajectories may lead to crossings, ambiguous orientations, and 

Fig. 8. L-bracket benchmark and the effect of fiber-content constraints. (a) Boundary conditions. (b) Initial B-spline component layout. (c) Opti
mized results under different local maximum fiber-density bounds and global fiber-volume-fraction constraints. From left to right, the columns show 
the optimized B-spline layouts, structural designs, generated continuous fiber paths, and stress distributions. (d) Comparison of the compliance 
values. (e) Objective and constraint convergence histories for Case III.

Y. Guo et al.                                                                                                                                                                                                            Computer Methods in Applied Mechanics and Engineering 461 (2026) 119224 

15 



uneven path spacing. When the attachment constraint is imposed, a small sampling number, such as Natt=10, may still leave some 
isolated segments insufficiently coupled, as highlighted by the red circles. Increasing Natt from 10 to 20 improves the detection of 
neighboring segments requiring attachment and reduces these uncoupled regions. The angle threshold ω controls the selectivity of 
attachment. When ω is too small, e.g., ω=5∘ only nearly parallel segments are allowed to attach, and visible branching may remain 
even with a larger Natt. Increasing both Natt and ω, e.g., Natt=30 and ω = 30∘, promotes stronger merging between neighboring B-spline 
trajectories, thereby reducing branching. Therefore, Natt and ω should be selected to balance path coherence and geometric diversity.

4.3. L-bracket

The L-bracket benchmark is defined on a 1.2×1.2 square computational domain. A surrounding frame of thickness 0.1 is prescribed 
as a non-design region. The design region has an L-shaped geometry obtained by removing a 0.5×0.5 square from the upper-right 
corner, creating a corner that is prone to stress concentration. A clamped boundary condition is imposed on the hatched support 
segment along the top-left edge, with a support length of 0.5. A unit vertical downward load is applied at the mid-point of the right 
boundary. To mitigate numerical stress singularity, the load is distributed over a short boundary segment spanning five elements, as 
indicated in Fig. 8(a). The computational domain is discretized using 240×240 bilinear quadrilateral elements. The prescribed volume 
fraction is set to 0.5 with respect to the design domain, and the initial B-spline layout is shown in Fig. 8(b).

Fig. 8(c), Cases I and II, illustrate the influence of the local upper bound f0 on the maximum fiber density and its effect on the 
optimized layout and resulting fiber paths. When f0 = 0.20, the local cap is restrictive and limits the admissible reinforcement level, 
resulting in comparatively sparse fiber trajectories and the highest compliance among the considered cases (c = 13.7551). Increasing 
the bound to f0 = 0.3 relaxes the local constraint and permits a higher reinforcement level within the structure. Consequently, the 

Fig. 9. Compliant mechanism benchmark. (a) Boundary conditions. (b) Initial B-spline component layout. (c) Effect of the minimum radius rmin. (d) 
Effect of different fiber-content settings with rmin = 0.1. (e) Comparison of the absolute output displacements |uo|. (f) Objective and constraint 
convergence histories for Case V.
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compliance decreases to c = 13.4966, corresponding to a total reduction of 1.88% relative to the case with f0 = 0.20.
Fig. 8(c), Cases III–V, examines the influence of the global fiber-usage limit by varying the allowable fiber budget Vf . When Vf =

0.10, the fiber density remains low over most of the structure, and the extracted fiber paths are mainly concentrated in the most critical 
load-bearing regions. As Vf increases, reinforcement is progressively expanded and densified along the dominant stress-transfer paths 
and around highly stressed junctions. Correspondingly, the compliance decreases monotonically from c = 13.1709 at Vf = 0.20 to c =
13.1168 at Vf = 0.30, corresponding to an overall improvement of about 0.41%. These results show that the proposed formulation uses 
the available fiber budget in a mechanically meaningful way and enables a clear trade-off between fiber usage and structural 
performance.

It should be noted that the L-bracket may admit more stiffness-efficient layouts in an unrestricted density-based or level-set-based 
design space. In the present framework, the design space is restricted by the finite B-spline component representation and 
manufacturability-related constraints, including continuous-path generation, component attachment, non-self-crossing control, and 
fiber-content regulation. Therefore, the optimized L-bracket designs should be interpreted as manufacturable local optima within the 
proposed B-spline component-based design space. Compared with previous studies reporting highly localized fiber concentration near 
the re-entrant corner [76], Fig. 8(c) shows smoother material and fiber-path redistribution around the corner. This reflects a trade-off 
between compliance performance and manufacturable continuous fiber-path regularity.

The convergence histories of Case III are shown in Fig. 8(e). The objective function decreases and gradually stabilizes, while the 
volume, local/global fiber-content, non-self-crossing, and attachment constraints remain controlled within admissible levels. This 
confirms that the proposed formulation achieves stable convergence while regulating fiber usage in the L-bracket benchmark.

4.4. Compliant mechanism

In this section, compliant mechanism design problems are considered to further demonstrate the applicability of the proposed 
method. The design domain is illustrated in Fig. 9(a), where only the bottom half is shown due to symmetry. The benchmark is defined 
on a 1.2×0.6 rectangular computational domain. A surrounding frame of thickness 0.1 is prescribed as a non-design region, except 
along the symmetry boundary. The bottom-left corner is fixed, and a unit input load is applied at the upper-left input port. The 
objective is to maximize the output displacement uo at the upper-right corner. Two springs with stiffnesses ki=0.5 and ko=0.1 are 
attached to the input and output ports, respectively. The maximum allowable material usage is set to 0.3. The domain is discretized 
using 240×120 bilinear quadrilateral elements, and the initial B-spline layout is shown in Fig. 9(b).

Fig. 9(c) compares the optimized displacement inverter designs obtained with different minimum radius values. When rmin = 0.1, 
relatively slender members are allowed, the thinnest region appears at the inclined junction highlighted by the black circle. This case 
achieves the best inverter performance among the three cases, with uo = − 0.7694. As rmin increases to 0.2, the structural members 
become noticeably thicker, and the magnitude of the output displacement decreases to uo = − 0.7592. With a further increase to rmin 
= 0.3, the minimum feature-size restriction becomes stronger, leading to a bulkier layout and a further reduction in the output 
displacement magnitude to uo = − 0.7466.

Fig. 9(d) compares the optimized displacement inverter designs obtained under different fiber-content settings. Without fiber 
reinforcement, the output displacement is uo = − 0.7467. When a relatively small fiber-content bound is introduced, i.e., Vf = 0.10, 
the optimized design achieves a larger output displacement of uo = − 0.7602. However, when the lower bound of the spacing-control 
variable is increased to smin = 0.2, the fiber paths cover almost the entire structure, and the output displacement magnitude decreases 
to uo = − 0.7564. These results indicate that moderate fiber reinforcement can improve the output response of the compliant 
mechanism, whereas excessive reinforcement tends to over-stiffen the structure and suppress the desired deformation transmission.

The convergence histories of Case V are shown in Fig. 9(f). The objective function gradually stabilizes as the displacement-inverter 
layout is refined to enhance the output response. Meanwhile, the volume, local/global fiber-content, non-self-crossing, and attachment 
constraints remain controlled within admissible levels. This indicates that the proposed formulation can achieve stable convergence for 
the compliant mechanism design while balancing fiber reinforcement and deformation transmission.

5. Full-scale reconstruction and verification

This section presents full-scale reconstruction and post-optimization verification for representative designs from the preceding 
examples. Since topology optimization is performed using a homogenized material model, the optimized designs must be de- 
homogenized into full-scale models with explicit matrix and continuous-fiber regions for manufacturable realization. Several recon
structed designs are therefore examined through comparative finite-element simulations to assess the discrepancy between homog
enized predictions and full-scale responses.

Due to the high computational cost, the present verification is limited to 2D cases. For future 3D applications, full-scale simulation 
efficiency may be improved by using GPU-accelerated finite-element solvers, matrix-free or multigrid-preconditioned iterative solvers, 
and efficient orientation-dependent element stiffness evaluation strategies [77,78].

5.1. Full-scale model reconstruction

By taking advantage of the specific data exported by the proposed framework, the reconstruction of CFRCs can be carried out 
conveniently and accurately, which also facilitates subsequent manufacturing. Each B-spline centerline can first be reconstructed in a 
CAD environment. The corresponding boundary curves S of each spline component can then be obtained as: 
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S (ξ) = P (ξ) ± R(ξ) ⋅ N(ξ) (48) 

Based on this formulation, all boundary curves can be generated in CAD, as shown in Fig. 10(a). After removing the redundant 
internal curves, only the structural boundaries are retained, as shown in Fig. 10(b). For the MBB case, the reconstructed boundary is 
mirrored to obtain the complete MBB beam, as shown in Fig. 10(c). In this way, the geometry of the optimized result is preserved to the 
greatest extent. Subsequently, the fiber paths obtained from the de-homogenization process, i.e., the iso-contours of the scalar field, are 
then imported into the CAD model to form the boundary-plus-fiber-path representation shown in Fig. 10(d). The reconstructed CAD 
model is then imported into COMSOL Multiphysics 6.4 for full-scale simulation.

In many existing full-scale CFRC simulations, the fiber-path orientation is neglected, and both matrix and fiber regions are modeled 
using equivalent isotropic materials, thereby ignoring the orthotropic anisotropy of fiber reinforcement. In this work, the material 
parameters are kept consistent with those in Table 1, with elastic moduli given in GPa. The direction orthogonal to the scalar-field 
gradient is imported as the fiber-orientation field, ensuring consistency between the full-scale simulation and the optimization 
model. A finite fiber thickness of 1 mm is assigned, as illustrated in Fig. 10(e), and the full model is discretized using a free triangular 
mesh.

5.2. Comparison of fiber-path layouts in the MBB beam

Using the structure shown in Fig. 6(d), Case V, as an example, this section presents the reconstructed full-scale model and its 
corresponding simulation results. The overall dimensions of the model are 400 × 100 mm, while only one half of the symmetric 
structure is shown in the simulation results. The boundary conditions are the same as those used in Fig. 6(a), and a concentrated load of 
1 × 103 kN is applied. To further demonstrate the importance of fiber-path design in CFRCs, two simple reference models with uni
formly distributed horizontal and vertical fiber paths, together with a boundary-offset model taken as a sequential post-processing 
baseline in which the fiber paths are generated by inward offset of the structural boundary, are considered under the same struc
tural geometry, as summarized in Table 2. For a fair comparison, the total fiber lengths of the four models are kept nearly identical, 
being 6560.9, 6517.1, 6576.3, and 6548.6 mm for the optimized-path, horizontal-path, vertical-path, and boundary-offset models, 
respectively.

For all four models, the maximum displacement occurs near the central loading point. The optimized-path model gives the smallest 
maximum displacement (2.67 mm), compared with 3.31, 3.95, and 3.45 mm for the horizontal-path, vertical-path, and boundary- 
offset models, respectively, corresponding to reductions of 19.34%, 32.41%, and 22.61%. The corresponding average displace
ments are 1.38, 1.66, 2.00, and 1.94 mm, giving reductions of 16.87%, 31.00%, and 28.87%, respectively. Among the reference cases, 
the vertical-path model performs worst because its fiber trajectories are poorly aligned with the dominant inclined load-transfer paths, 
while the boundary-offset model, although more meaningful as a sequential baseline, still cannot adapt the fiber layout effectively to 
the internal stress-transfer mechanism. Overall, these full-scale results show that the proposed B-spline-driven optimization strategy is 
more effective than both simple preset layouts and boundary-offset-based post-processing in enhancing the stiffness of CFRCs.

Fig. 10. Full-scale reconstruction process of the optimized MBB beam. (a) Generation of the B-spline boundary curves. (b) Removal of redundant 
curves to retain only the structural boundaries. (c) Symmetry completion of the half model to obtain the full MBB beam. (d) Import of the de- 
homogenized fiber paths. (e) Import into COMSOL, assignment of fiber thickness and fiber orientation. (f) Free-triangular meshing of the recon
structed CFRCs model.
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5.3. Comparison of fiber-usage strategies in the compliant mechanism

To further examine the influence of fiber reinforcement at the full-scale reconstruction level for the compliant mechanism problem, 
three representative cases from Fig. 9(d) (Cases IV, V, and VI) are compared in this section. The reconstructed model has overall 
dimensions of 240 × 240 mm, and the full response is obtained from the half model by symmetry. The boundary conditions are the 

Table 2 
Comparison of reconstructed full-scale CFRC MBB beam models with optimized, horizontal, vertical, and boundary-offset fiber-path layouts in terms 
of total fiber length, maximum displacement, and average displacement.

Table 3 
Comparison of reconstructed CFRC compliant mechanism models for three design strategies: without fiber reinforcement, with fiber-usage limitation, 
and with a minimum fiber-density.
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same as those in Fig. 9(a).
As shown in Table 3, the case without fiber reinforcement yields an output displacement of 0.7465 mm. When fiber reinforcement 

is introduced with a fiber-usage limit of Vf = 0.10, the total fiber length is 1319.9 mm, and the output displacement increases to 
0.7649 mm, corresponding to an improvement of 2.46%. By contrast, when a minimum fiber-density constraint is further imposed, the 
total fiber length increases substantially to 3757.2 mm, while the output displacement decreases to 0.7566 mm. These results indicate 
that moderate fiber reinforcement can enhance the output performance, whereas excessive fiber coverage tends to over-stiffen the 
structure and hinder the deformation transmission required for compliant motion. Therefore, unlike stiffness-dominated structural 
design, compliant mechanism design requires a more delicate balance between local reinforcement and global flexibility.

6. Conclusion

This paper presents a B-spline-driven topology and fiber-path optimization framework for additively manufactured CFRCs. The 
structural geometry is modeled using multiple variable-width B-spline components. Based on the same component representation, a 
fiber-path scalar field is introduced so that continuous fiber paths can be generated through iso-contour extraction, while an additional 
spacing-control field enables spatially varying path spacing and reinforcement allocation. In addition, manufacturability-related 
constraints, including the non-self-crossing constraint, the attachment constraint, and fiber-content constraints, are incorporated to 
improve path regularity, regulate reinforcement allocation, and enhance printability.

The numerical results show that the proposed non-self-crossing constraint prevents irregular or degenerate distributions of B-spline 
centerlines, thereby ensuring smooth and physically meaningful fiber-path layouts, whereas the attachment constraint improves the 
geometric coherence among neighboring components and leads to clearer skeleton-based structural representations. Meanwhile, the 
minimum feature size can be directly controlled through the lower bound on the radius variables. In addition, the introduced fiber- 
content constraints enable both local adjustment of fiber spacing and global regulation of fiber usage, allowing flexible and tar
geted reinforcement allocation. For compliant-mechanism design, the results further indicate that moderate fiber reinforcement can 
enhance the output response, whereas excessive reinforcement tends to over-stiffen the structure and suppress the desired deformation 
transmission. Owing to the explicit geometry-driven representation, the optimized results can also be directly converted into CAD 
models without requiring complex post-processing.

It should be noted that the present framework is geometry-driven: fiber paths are extracted from the scalar field induced by the B- 
spline components rather than independently parameterized. This coupling improves path continuity, geometric interpretability, and 
CAD compatibility, but limits independent fiber-path design freedom. Future work will introduce additional path-level design vari
ables and more explicit process-specific manufacturing constraints, including curvature bounds, minimum turning-radius constraints, 
start/stop rules, and collision or overlap handling. The computational efficiency can also be improved using acceleration techniques 
such as the template stiffness matrices (TSMs)-based method for Cartesian-grid CFRC topology optimization [75]. In addition, the 
framework will be extended to 3D settings, and experimental validation using printed CFRC specimens will be pursued.
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Appendix

This appendix presents the first-order derivatives required by the MMA optimizer for the objective and constraints.
A.1. Sensitivity of the objective function
For any scalar design variables λ, the sensitivity of the objective function takes different forms for the compliance and compliant 

mechanism objectives, given by: 
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∂c
∂λ

= − UT∂K
∂λ

U = −
∑Ne

e=1
uT

e
∂Ke

∂λ
ue, Compliance

∂c
∂λ

= PT∂K
∂λ

U =
∑Ne

e=1
pT

e
∂Ke

∂λ
ue, Compliant mechanism

(49) 

For the compliant mechanism objective, the adjoint vector P is obtained from the following adjoint equation: 

KP = L (50) 

where L is the output selection vector. With the SIMP method from Eq. (23), ∂Ke
∂λ yields: 

∂Ke

∂λ
=

∂ρp
e

∂λ

∫

Ωe

BTD0
e,θBdΩ + ρp

e

∫

Ωe

BT∂D0
e,θ

∂λ
BdΩ. (51) 

The density term ∂ρp
e

∂λ is: 

∂ρp
e

∂λ
= pρp− 1

e
∂ρe

∂λ
,

∂ρe

∂λ
=

∂H̃(ϕ)
∂λ

=
∂H̃(ϕ)

∂ϕ
∂ϕ
∂λ

, (52) 

where ∂ϕ
∂λ can be calculated by chain rule: 

∂ϕ
∂λ

=
∑M

m=1

∂ϕ
∂ϕm,e

∂ϕm,e

∂λ
. (53) 

∂ϕ
∂ϕm,e 

is the KS aggregation weight, and ∂ϕm,e
∂λ can be given by: 

∂ϕm,e

∂λ
=

∂Rm
(
Ξm,e

)

∂λ
− γ
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∂λ
, (54) 

where ∂Rm(Ξm,e)
∂λ is derived from Eq. (2): 
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The derivative ∂Ξm,e
∂Cm,i 

is obtained by differentiating the closest-point optimality condition using the implicit function theorem, 
resulting in: 
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Here, 

P ʹ
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∑np

i=1
B

ʹ
i(Ξ)Cm,i , P ʹ
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∑np

i=1
B

ʹ́
i (Ξ)Cm,i. (57) 

The distance term ∂Dm,e(xe)

∂λ in Eq. (54) is given by: 

∂Dm,e(xe)

∂λ
=

‖ P m
(
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)
− xe‖

T
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(
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(
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For control-point coordinates: 

∂P m
(
Ξm,e

)

∂xm,i
= B i

(
Ξm,e

)
[1,0]T ,

∂P m
(
Ξm,e

)

∂ym,i
= B i

(
Ξm,e

)
[0,1]T . (59) 

The second term in Eq. (51) ∂D0
e,θ

∂λ can use the chain rule with respect to the fiber angle and the local fiber-density indicator: 

∂D0
e,θ

∂λ
=

∂D0
e,θ

∂θe

∂θe

∂λ
+

∂D0
e,θ

∂fe

∂fe

∂λ
, (60) 

where ∂D0
e,θ

∂θe
, ∂D0

e,θ
∂fe can refer to [73], ∂θe

∂λ is derived from Eq. (17): 
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Here, 

∂φx
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=
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)
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∂ψˉ

∂ψ can be derived from Eq. (14), and ∂ψ
∂λ is derived analogously to ∂ϕ
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and ∂Sm,e
∂λ follows the same derive process as ∂Rm,e

∂λ . Then, ∂fe
∂λ is derived from Eq. (19): 
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where the sensitivity of the KS ownership weight is: 
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= βwm,e
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i=1
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)
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A.2. Sensitivity of the non-self-crossing constraint
The non-self-crossing constraint is imposed on the sampled points along the control polygon. Using KS aggregation over admissible 

pairs (a,b) ∈ A m, the derivative with respect to a control point Cm,i is: 

∂gself
m

∂Cm,i
=

∑

(i,j)∈A m

∂gself
m

∂vij

∂vij

∂Cm,i
, (66) 

where ∂gconn
m

∂vij 
is the KS aggregation weight, and ∂vij

∂Cm,i
: 
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=
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−
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. (67) 

∂p
∂Cm,i 

is given by the linear interpolation weights on the sampled control-polygon segment.
A.3. Sensitivity of the attachment constraint
Neglecting radius sensitivities and retaining only the geometric contribution through the control points, the derivative of the 

attachment constraint is: 

∂gconn
m

∂Cm,i
=

1
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,
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where ∂Gm,n,z
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is the derivation of Heaviside function, and ∂μm,n,z
∂Cm,i 

is defined differently for endpoint samples and interior samples. 
Therefore, 
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where ∂μm,n,z
∂ϱm,n,z 

and ∂μm,n,z
∂σm,n,z 

is the weight of KS aggregation. When only the geometric contribution through control points is considered: 

∂ϱm,n,z

∂Cm,i
= −

∂dm,n,z
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. (71) 
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Next, ∂dm,n,z
∂Cm,i 

is given by: 
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where the first term is the standard B-spline basis mapping. For the tangent term: 
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The unit tangent is t = P
ʹ

‖P
ʹ
‖
. Hence, for any component, 
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, (74) 

and ∂P ʹ
m(ξm,z)
∂Cm,i 

follows directly from the derivative of B-spline basis functions.
A.4. Sensitivity of the fiber-content constraint
For the derivation of the local maximum fiber content constraint: 

∂gloc

∂λ
=

1
f0

∂f̃max

∂λ
=

1
f0
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∂f̃ e
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∂λ
, (75) 

where ∂̃fmax

∂̃fe 

is the standard p-norm weight. ∂̃fe
∂λ can be derived from Eq. (41). 

∂f̃ e
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=

∂ρe
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For the global fiber-usage constraint: 

∂gglob

∂λ
=

1
VfNV0

∑N

e=1

∂f̃ e

∂λ
. (77) 

So far, the gradients of the objective and all constraints with respect to the design variables have been derived.
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