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Designing porous infill structures is challenging due to complex geometries, where accurate boundary represen

tation and localized stress control are critical. Traditional methods like topology optimization rely on voxel-based 
models, leading to geometric mismatches between the analysis and physical models. These mismatches can 
significantly affect structural performance, especially in stress-sensitive regions. To overcome this, we propose 
evolutionary de-homogenization—a design framework combining de-homogenization with data-driven multifi

delity optimization. It enables hybrid solid-porous infill design by aligning lowfidelity analysis with highfidelity 
geometry. The lowfidelity level uses density-based variables, while the highfidelity level performs stress analysis 
on precise geometries. Through de-homogenization-based mapping, a correspondence between fidelity levels is 
built, allowing iterative updates of control variables to optimize highfidelity outcomes. A deep generative model 
integrated with a multi-objective evolutionary algorithm drives this process. Numerical experiments validate the 
framework’s effectiveness.

1. Introduction

Porous structures, due to their superior mechanical properties such 
as ultra-lightweight, high stiffness, and energy absorption capabilities, 
have garnered widespread attention in practical applications [1][2]. 
Concurrently, advancements in Additive Manufacturing (AM) have sig

nificantly accelerated the development of porous structures by reducing 
material usage and shortening production time [3][4][5][6]. In recent 
years, topology optimization [7][8][9], a powerful computational tool 
for determining the optimal distribution of materials within a design 
domain, has been widely applied in the efficient design of porous struc

tures. Despite these advances, purely porous infill designs often exhibit 
inferior mechanical performance compared to solid designs under the 
same conditions. Therefore, when emphasizing the advantages of porous 
infill designs, the focus often shifts toward their scalability for multi

functional applications or their potential for further weight reduction 
in fixed geometric configurations. To balance weight reduction and 
mechanical performance, the hybrid solid-porous design approach has 
emerged. This method improves both local and overall performance by 
introducing solid components into critical regions of the lattice struc

ture. Researchers have implemented and validated these designs using 
topology optimization techniques, and results show that their perfor

mance surpasses that of purely porous infill designs [10][11][12][13].
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Currently, there are several methods for generating porous infill 
structures. A classical method is multi-scale topology optimization, 
which is closely integrated with the traditional topology optimization 
framework [14][15]. In multi-scale optimization, the analysis model is 
divided into macro and micro scales. Each element in the macro model 
represents a microstructure, which is modeled as a heterogeneous ma

terial unit using homogenization theory [16][17][18]. Many studies 
have explored how to optimize structures on both scales simultane

ously [19][20]. However, this method has encountered bottlenecks due 
to its high computational cost, leading to a slowdown in research. To ad

dress this issue, various compromise methods have emerged, such as pa

rameterized unit cells with single or multiple parameters [21][22][23] 
and multi-domain parallel optimization [24][25][26][27]. Recently, 
with the development of deep learning models, multi-scale optimization 
has regained attention [28][29][30]. In particular, the highly expressive 
capability of autoencoders makes them especially well-suited for the de

sign of diverse structural forms [31][32][33][34].

Compared to traditional solid structure optimization only in macro

scale, multi-scale optimization provides greater design freedom, al

lowing the approach to reach theoretical limits and enabling non

conventional designs. However, this increased design freedom often 
results in overly complex geometries that are difficult to manufacture 
using mainstream methods. For instance, structures generated through 
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multi-scale design often contain many microstructures with extremely 
small geometric features, making precise manufacturing more complex 
[15]. Additionally, due to their inconsistent multi-scale nature, these 
complex structures are difficult to interpret as coherent and manufac

turable designs [15]. A simple solution is to scale each microstructure 
to the size of bilinear elements and apply appropriate orientation. The 
process of generating coherent and physically feasible designs through 
homogenization-based optimization is called de-homogenization. As a 
representative de-homogenization technique, Pantz and Trabelsi [35] 
proposed a post-processing method that provides an implicit geomet

ric description for obtaining well-connected single-scale designs from 
spatially varying multi-scale designs. Recently, this method has been 
simplified and improved [36][37], and it has been applied to various 
problems [38][39][40].

Another method involves imposing local volume constraints to con

trol local material distribution. Wu et al. [41] introduced upper bounds 
on the proximity of each design element, with constraints on local

ized material volume fraction, and aggregated all local per-voxel con

straints using the P-norm. This idea has been extended to implement 
maximum length scale constraints in topology optimization, achieving 
bone-like porous structures. The application of localized material vol

ume constraints in generating porous infill designs has since been widely 
discussed and applied to various scenarios, such as self-supporting in

fill structures [42], multi-material structures [43], stress-based designs 
[44], and buckling designs [45].

To fully explore the weight reduction potential of sandwich struc

tures while ensuring mechanical performance, shell-infill features have 
been incorporated into the topology design model. To the best of the 
authors’ knowledge, Clausen et al. [46] were the first to combine the 
density method with a topology design method for sandwich struc

tures, utilizing a two-step density filter to describe the shell and infill 
domains. Subsequently, Luo et al. [47] proposed an erosion-based in

terface identification method to distinguish between the shell and in

fill layers in sandwich structures. Yoon and Yi [48] later developed a 
new density filter, which generates the sandwich structure by multi

plying the modified density design variables with the original design 
variables. Besides the density method, such designs can also be real

ized through other approaches [49][50] and can be combined with the 
aforementioned porous design methods to achieve more complex de

signs [51][52][53][54][55].

Significant challenges remain with current infill design methods us

ing mainstream approaches. While traditional multi-scale optimization 
provides the greatest design freedom and the most rigorous theoretical 
foundation, the full-scale structures are often overly complex, making 
geometric representation difficult, especially in freeform design do

mains. In contrast, methods based on local volume constraints can accu

rately generate porous structures in macroscale. However, as a full-scale 
design method, they also require higher computational cost when repre

senting complex geometries. Moreover, ensuring that the macroscopic 
structure adheres to local volume constraints often results in trade-offs 
with the target performance of the structure. De-homogenization pro

vides a compromise solution for these methods, but as a post-processing 
technique, it inevitably introduces discrepancies between the final full

scale design and the homogenized results, particularly in terms of local 
performance.

We believe that an optimization framework incorporating multi

fidelity formulation and non-gradient optimization methods may ef

fectively address these issues. Specifically, the multifidelity approach 
can quickly explore the design space using lowfidelity models, signifi

cantly reducing the number of highfidelity model evaluations. The non

gradient optimization method does not rely on continuous geometric or 
gradient information, thereby avoiding complex sensitivity calculations. 
The combination of both approaches makes it easier to find a better solu

tion in free-form design spaces. Recently, Yaji et al. [56] proposed a mul

tifidelity topology design (MFTD) method in conjunction with genetic 
algorithm (GA)-based topology optimization. In MFTD, topology opti

mization problems that are difficult to solve analytically or numerically 
can be addressed indirectly through simplified surrogate optimization 
problems, while maintaining accurate performance evaluation through

out the process. Additionally, the optimization of control variables is 
achieved by integrating multi-objective optimization algorithms with 
deep generative models. MFTD has demonstrated its effectiveness across 
a broad range of applications, including stress minimization problem, 
heat exchangers, and heat energy storage design [57][58][59][60][61]. 
The method has also seen several improvements, such as enhanced 
crossover strategies [62], extension to three-dimensional cases [63], and 
the introduction of multiple design variable fields [64].

This paper proposes a new structural optimization framework, 
named as evolutionary de-homogenization, based on the MFTD method for 
generating hybrid solid-porous infill structures Inspired by multifidelity 
modeling, we first extract simplified lowfidelity data from complex 
solid-porous infill structures and adopt a mapping method that con

verts this lowfidelity data to the final full-scale but still manufacturable 
structure (i.e., the CAD model which could be used for highfidelity sim

ulation). Based on this, we optimize the lowfidelity data using an evolu

tionary algorithm (EA), where the performance metrics for each design 
variable are determined by an adaptive mesh model generated from 
the corresponding detail structure. The current optimized results are 
selected using the Non-Dominated Sorting Genetic Algorithm II (NSGA

II). To address the challenges of crossover operations in the EA within 
this framework, we employ a Variational AutoEncoder (VAE) [65]. Af

ter multiple iterations of selection, the optimized structure is ultimately 
obtained, which can be accurately converted into an STL model for fur

ther AM.

We believe that this work makes several important contributions. In 
terms of results, the proposed method effectively addresses key chal

lenges in porous infill design, including: 1. the problem of local stress 
concentration often observed in porous structures; 2. the difficulty of ac

curately optimizing smooth boundaries in complex stress-driven porous 
infill scenarios during the optimization process. From a technical per

spective, our multifidelity modeling strategy enables the use of a very 
limited number of variables to precisely control complex yet manufac

turable geometries. Due to the reduced dimensionality of the design 
space, we are also able to fully integrate a generative model into the 
structural optimization workflow. Compared with most existing struc

tural optimization approaches that rely on surrogate models to generate 
new structures, our method improves both the generalization capability 
and the controllability of the final design outcomes.

The remainder of this paper is organized as follows: Section 2 in

troduces the design method for the solid-porous infill structure, de

tailing how a simplified lowfidelity design variable is abstracted from 
the complex design for use in MFTD. It also provides a comprehensive 
explanation of the multifidelity formulation, including the lowfidelity 
optimization and highfidelity evaluation, with a focus on the mapping 
process from lowfidelity data to highfidelity results. Section 3 presents 
the flowchart of the proposed multifidelity optimization framework, il
lustrating how the optimization of lowfidelity variables leads to the 
optimization of highfidelity results. In Section 4, several numerical case 
studies are provided to validate the proposed framework. Finally, dis

cussions and conclusions are presented in Section 5.

2. Multifidelity hybird solid-porous infill design method

In this section, we introduce the design method for achieving such 
structures. A key feature of this approach is a multifidelity formulation, 
which is divided into two main parts: lowfidelity optimization and high

fidelity evaluation. The entire design flowchart is shown in Fig. 1.

First, for the lowfidelity optimization, the main function of it is to 
obtain a reasonable initial designs. We employ a multi-material topol

ogy optimization algorithm to preliminarily obtain voxel/pixel-based 
results. These results consist of three scalar fields, which are considered 
the lowfidelity outputs. Subsequently, a series of mapping techniques 



Materials & Design 257 (2025) 114380

3

S. Xu, H. Kawabe and K. Yaji 

Fig. 1. The concept of decomposing the regions contained in a hybrid solid-porous infill structure. 

Fig. 2. The basic idea of lowfidelity optimization method. 

are applied to transform these lowfidelity results into structures with 
practical geometric significance. Adaptive meshing is then performed 
on these structures, followed by more accurate Finite Element Analysis 
(FEA) to evaluate their structural performance.

2.1. Low fidelity optimization: stress based solid porous infill topology 
optimization

To parameterize solid porous infill composite structures, we adopt 
the twofield multimaterial design parameterization scheme [66] that 
simultaneously characterizes material spatial occupancy and material 
phase distribution. In this study, a material phase is defined as or

thotropic material with a specific orientation (The composite material 
for porous domain shown in Fig. 2) or isotropic material (solid domain). 
To better match with the density-based topology optimization frame

work, two discretized control variable fields (𝝆 and 𝝃) are introduced. 
Within the optimization process, to ensure that the phase fields gener

ated by 𝝆 and 𝝃 are clear and free from single-node connections, we need 
to separately perform sequential filtering and projection operations on 
them:

∗̃ = 𝑀(∗,𝑅s), ∗= 𝜌𝑒, 𝜉𝑒 (1)

The function 𝑀(∗) is the smoothing function, and 𝑅s is the smooth

ing radius. It can be any smoothing filter commonly used in topology 
optimization (such as the PDE filter or convolution filter), for which de

tailed explanations can be found in [67][68]. Then, the approximated 
Heaviside projection [69] is applied to obtain the 0-1 fields:

∗̄ =
tanh(𝛽s𝛿s) + tanh(𝛽s(∗̃ − 𝛿s))
tanh(𝛽s𝛿s) + tanh(𝛽s(1 − 𝛿s)) 

, ∗̃ = 𝜌̃𝑒, 𝜉𝑒 (2)

where 𝛽s and 𝛿s are the sharpness and the threshold factor.

2.1.1. Stiffness interpolation strategy

Based on the above two projected control variables, the material 
stiffness interpolation for mechanical behavior characterization of solid

porous infill composites thus could be expressed by an extended SIMP 
formulation as follows:

ℂ𝑒(𝜌̄𝑒, 𝜉𝑒) =
[
𝜀+ (1 − 𝜀)𝜌̄𝑝𝜌

𝑒

] [
𝜉

𝑝𝜉

𝑒 ℂ(iso) + (1 − 𝜉𝑒)𝑝𝜉ℂ(aniso)
𝑒

]
(3)

where ℂ(iso) and ℂ(aniso)
𝑒 are elastic tensors of solid and porous mate

rials, respectively, 𝑝𝜌 and 𝑝𝜉 are SIMP penalization parameters, and 
𝜀 is a small number to avoid numerical singularity. This study uses 
𝑝𝜌 = 𝑝𝜉 = 3. It can be seen from the Fig. 2, when 𝜌̄𝑒 = 1 and 𝜉𝑒 = 1, 
ℂ𝑒 reduces to ℂ(iso); and when 𝜌̄𝑒 = 1 and 𝜉𝑒 = 0, ℂ𝑒 reduces to ℂ(aniso)

𝑒 . 
Notice that the interpolation in Eq. (3) is a popular numerical scheme 
to facilitate the design optimization rather than computing the homog

enized properties, and hence, ℂ𝑒 is physically well-defined only when 
𝜌̄𝑒, 𝜉𝑒 ∈ {0,1}, which is enforced by the projection formulation in Eq. (2). 
In this work, the interpolation in Eq. (3) includes different local orien

tations of the RANK-2 composite material that require stiffness tensor 
transformations from respective local coordinates to global coordinates. 
The transformed orthotropic stiffness tensor ℂ(aniso)

𝑒 in global coordi

nates is obtained as

ℂ(aniso)
𝑒

= 𝕋−1(𝜃𝑒)ℂ
(aniso)
0 𝕋−𝖳(𝜃𝑒) (4)
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For 2D plane stress problems used in this study, the matrix forms of 
the stiffness tensors ℂ(aniso)

0 and ℂ(iso) are given by

ℂ(aniso)
0 =

⎡⎢⎢⎢⎣
𝐸11

1−𝜈12𝜈21

𝜈12𝐸22
1−𝜈12𝜈21

0
𝜈12𝐸22
1−𝜈12𝜈21

𝐸22
1−𝜈12𝜈21

0
0 0 𝐺12

⎤⎥⎥⎥⎦ ,

ℂ(iso) =
𝐸iso

1 − 𝜈2
iso

⎡⎢⎢⎣
1 𝜈iso 0

𝜈iso 1 0
0 0 1−𝜈iso

2 

⎤⎥⎥⎦ ,

(5)

and the matrix form of the transformation tensor 𝕋 (𝜃𝑒) is given by

𝕋 (𝜃𝑒) =
⎡⎢⎢⎣

cos2(𝜃𝑒) sin2(𝜃𝑒) 2 sin(𝜃𝑒) cos(𝜃𝑒)
sin2(𝜃𝑒) cos2(𝜃𝑒) −2 sin(𝜃𝑒) cos(𝜃𝑒)

− sin(𝜃𝑒) cos(𝜃𝑒) sin(𝜃𝑒) cos(𝜃𝑒) cos2(𝜃𝑒) − sin2(𝜃𝑒)

⎤⎥⎥⎦ , (6)

where 𝐸11,𝐸22, 𝜈12, and 𝐺12 are elastic moduli along the local direc

tion, elastic modulus perpendicular to the local direction, Poisson’s ratio 
with respect to the local direction, and shear modulus, respectively, for 
the orthotropic composite material. 𝐸iso and 𝜈iso are elastic modulus 
and Poisson’s ratio, respectively, for the isotropic material.

2.1.2. Stress state interpolation strategy

To better achieve multi-material stress minimization optimization, in 
this context, we introduce a term 𝝈stress called ``elemental stress state,'' 
which does not refer to the actual element stress values but rather an 
equivalent stress index value. This index value is computed by normal

izing with respect to the yield stress, based on different stress criteria. 
For solid isotropic materials, we employ the von Mises stress criterion 
under the plane stress assumption, which can be expressed using the 
following normalized equation:

𝜎von-Mises,𝑒 = 𝑓vm(𝝈𝑒) =
(

𝜎𝑥𝑥,𝑒

𝜎S

)2
+
(

𝜎𝑦𝑦,𝑒

𝜎S

)2
−

𝜎𝑥𝑥,𝑒𝜎𝑦𝑦,𝑒

𝜎2
S

+
(3𝜎𝑥𝑦,𝑒

𝜎S

)2

(7)

where 𝜎S is the yield strength of the isotropic material. For the or

thotropic materials in the porous regions, considering the characteristics 
of the microstructure, we assume identical tensile and compressive prop

erties. Therefore, the plane stress based Tsai-Hill stress criterion is used:

𝜎Tsai-Hill,e = 𝑓th(𝝈𝑒, 𝜃𝑒) =
(

𝜎11,𝑒

𝜎X

)2
+
(

𝜎22,𝑒

𝜎Y

)2
−

𝜎11,𝑒𝜎22,𝑒

𝜎X𝜎Y

+
(

𝜎12,𝑒

𝜎XY

)2

(8)

where 𝜎X, 𝜎Y, and 𝜎XY represent the yield strengths of the anisotropic 
material in different directions. 𝜎11, 𝜎22, and 𝜎12 are the in-plane stress 
components in the local coordinate system. Using the interpolation in 
Eq. (7) and (8), we propose the interpolated yield function for composite 
structures with orthotropic Tsai-Hill and isotropic von Mises candidate 
materials as:

𝜎stress,𝑒(𝜉𝑒,𝝈𝑒, 𝜃𝑒) = 𝜉
𝑝𝜉

𝑒 𝑓vm(𝝈𝑒) + (1 − 𝜉𝑒)𝑝𝜉 𝑓th(𝝈𝑒, 𝜃𝑒) (9)

With the introduction of parameters such as 𝜎S, 𝜎X, 𝜎Y, and 𝜎XY, 
this formulation can accurately capture the stress responses of the two 
different materials. Clearly, for 𝜎stress,𝑒, a smaller value indicates a better 
overall stress state for the structure.

2.1.3. Lowfidelity optimization formulation

For the material volume interpolation, recalling the expression in 
Eq. (3), the 𝜌̄𝑒 is used to determine the base material distributions:

𝑣base
𝑒

= 𝜌̄𝑒 (10)

and 𝜉 is used to determine the solid material distribution. For the ele

mental volume of solid material, we could express as:

𝑣solid
𝑒

= 𝜉𝑒𝜌̄𝑒 (11)

Since the primary purpose of solid infill is to enhance the local 
strength of the structure to counteract local stress concentrations, we 
take the maximum stress state as the optimization objective. To ensure 
that this objective function is stably differentiable, we use a P-norm ag

gregation function to approximate the maximum value:

max
(
∀𝜎stress,𝑒

)
≈ 𝜎PN =

(
𝑁c∑
𝑒=1 

(
𝜎stress,𝑒

)𝑃

) 1 
𝑃

(12)

where 𝜎PN is the global P-norm measure, 𝑃 is the aggregation parame

ter, and 𝑁c denotes the number of elements for 𝝆 and 𝝃.

The topology optimization problem is solved in nested form, by suc

cessive minimizations with respect to design variables 𝝆, 𝝃, and 𝜽; where 
for each design iteration, the equilibrium equations are satisfied by 
FEA. As is shown by Pedersen [70], the optimal orientation of an or

thotropic composite coincides with the principal stress directions, hence 
𝜽 is aligned the principal stress direction accordingly for each minimiza

tion step and not directly optimized. Subsequently, design vectors 𝝆 and 
𝝃 are updated at each minimization step based on their gradients using 
MMA [71]. The discretized optimization problem can thus be written 
as:

find: 𝝆,𝝃

minimize: 𝜎PN

subject to:

⎧⎪⎪⎪⎨⎪⎪⎪⎩

𝐊𝐔 = 𝐅 (13-1)∑𝑁c
𝑒=1 𝑣base

𝑒

𝑁c
≤ 𝑉b (13-2)∑𝑁c

𝑒=1 𝑣solid
𝑒

𝑁c𝑉b
≤ 𝑉s (13-3)

0 ≤ 𝜌𝑒, 𝜉𝑒 ≤ 1, 𝑒 = 1,2,… ,𝑁𝑐 (13-4)

(13)

In this context, Eq. (13-1) corresponds to the control equation sys

tem of the physical problem. Additionally, we separately constrain the 
volume fraction for the solid part indicated by the field in Eq. (11) and 
the overall base structure 𝝆̄ to indirectly control the usage ratio of solid 
material and porous infill material, The main purpose of doing this is to 
better control the diversity of the initial solution. Therefore, Eq. (13-2) 
and Eq. (13-3) represents the first and second volume fraction constraint 
of the structure, where 𝑉b and 𝑉s are the user-defined upper limit for 
the mass ratio for base and solid material respectively.

Apparently, Eq. (13) represents a typical multiple-material, maxi

mum stress minimization-based topology optimization problem, which 
is well-studied and can be solved efficiently. Specific details regard

ing the optimization, such as adjoint sensitivity analysis, are omit

ted here. For more information, refer to the following classic papers 
on stress-based topology optimization [72][73][74] or multi-material 
based stress topology optimization [75][76][77][78][79]. Fig. 3 illus

trates the optimization process for two cases of the proposed solid infill 
design. The related material parameters and the effectiveness of this 
lowfidelity optimization will be discussed in subsequent section.

2.2. Highfidelity evaluation: full-scale structure realization through 
de-homogenization

The process of converting homogenization-based results into macro

scopic results with practical geometric significance is referred to as 
de-homogenization. In this paper, the implementation of this process 
involves three steps. First, the abstract density elements represent

ing porous regions in the lowfidelity optimization results are trans

formed into macroscopic truss-like structures using a mapping method 
based on the wave projection function. Second, the solidfilled regions 
are correspondingly transformed to form shell structures, which are 
then combined with the macroscopic porous structure generated in the 
first step. This results in a realistic hybrid solid-porous infill structure 
with an actual geometric shape, exhibiting performance similar to the 
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Fig. 3. The optimization process for lowfidelity optimization: (a) symmetric tension beam case, and (b) L-bracket beam case. 

homogenization-based results. Finally, highfidelity simulation analysis 
is conducted on the resulting structure.

2.2.1. Wave projection function method

Almost any type of periodic microstructure can be represented by a 
complex exponential Fourier series with spatially varying parameters. 
This approach allows for the projection of a complex microstructure on 
a fine scale while maintaining a smooth and continuous lattice. For the 
RANK-2 composite material adopted in this work, which consists of two 
stripe-like spatial features, to achieve the infill. As shown in Fig. 4, it 
is simple enough to be represented by just two independent fields. The 
first scalar field, Γ(1), describes the part of the unit cell aligned with the 
local 𝑥-direction, while the second scalar field, Γ(2) , describes the part 
aligned with the local 𝑦-direction. Simultaneously, we aim for the lat

tice infill to be reasonably distributed at specific angles in space, thereby 
achieving weight reduction while also demonstrating certain mechan

ical advantages. These two fields are derived independently from two 
gradient vector fields, 𝑲 (1) and 𝑲 (2), to achieve the desired distribution.

The wave projection method is used to build the relationship be

tween the vector field 𝑲 and the scalar field Γ. Let us start by assuming 
a scalar field Φ(𝒓) expressed by the following equation:

Φ(𝒓) =𝑲(𝒓) ⋅ 𝒓 (14)

where 𝒓 is the position vector. Then, substituting the phase field Φ(𝒓)
into the wave function, we could arrive:

Γ(𝒓) = 1
2
+ 1

2
cos(2𝜋Φ(𝒓)) (15)

As shown in Fig. 5, Eq. (14) could make a coordinate-based contin

uous scalar field Φ(𝒓) to be transformed into a spatially periodic scalar 
field Γ(𝒓), and the peak region of the field Γ(𝒓) is consistent with the 
distribution of the isoline of the phase field Φ(𝒓). Therefore, Γ(𝒓) can 
project the vector field 𝑲 to result in the formation of stripe-like spatial 
features.

To obtain the infill pattern mapping with a specific distribution 
within a design domain, we substitute Eq. (14) into Eq. (15) to form 
the wave projection function Γ(𝒓) as follows:
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Fig. 4. Geometry pattern for the composite material considered in this work. 

Fig. 5. The schematic diagram for the phase field Φ(𝒓), the wave function field Γ(𝒓), and their relationship. 

Γ(𝒓) = 1
2
+ 1

2
cos(𝑃d𝑲(𝒓) ⋅ 𝒓) (16)

where 𝑃d =
𝜋

𝑑
, and 𝑑 is used to control the periodic of the wave function, 

and

𝑲 = [−sin (𝜃(𝒓)) , cos (𝜃(𝒓))]𝖳 (17)

where 𝜃 is the direction-based field that indicates 𝑲 . For a given direc

tional field 𝜃, a corresponding cosine function field Γ can be generated, 
leading to the formation of the corresponding spatial structural features. 
However, the field Γ cannot be obtained directly through Eq. (16) when 
the propagation direction 𝑲 is spatially variant. Therefore, the phase 
field Φ(𝒓) needs to be specifically established to match the spatial vari

ation of 𝑲 . Based on Eq. (14), clearly, the vector field 𝑲 is the gradient 
of the phase field Φ(𝒓), and it is perpendicular to the isoline of the phase 
field Φ(𝒓), which can be described more generall by the following equa

tion:

∇Φ(𝒓) =𝑲(𝒓) (18)

To solve the above equation, various numerical approaches can be 
employed. In this work, a least-squares method is applied. The formu

lation of the least-squares approach is expressed as follows:

min
Φ(𝒓) 𝐿(Φ(𝒓)) = ∫

Ω 
‖∇Φ(𝒓) −𝑲(𝒓)‖2 𝑑Ω

s.t. ∇Φ(𝒓) ⋅𝑲∗(𝒓) = 0

(19)

where

𝑲∗(𝒓) =
[
−sin

(
𝜃(𝒓) + 𝜋

2 

)
, cos

(
𝜃(𝒓) + 𝜋

2 

)]𝖳
(20)

𝑲∗(𝒓) is the result of rotating the vector field of the given angle 
field 𝜃 by 90 degrees. The reason for adding an additional constraint in 
Eq. (19) is to prevent the significant angular discrepancy between Φ(𝒓)
and 𝑲(𝒓) in regions where the angle changes abruptly.

2.2.2. Explicit geometry feature control

From the previous discussion, we know that the peak regions of the 
cosine function Γ(𝒓) align with the distribution of the isolines of the 
phase function Φ(𝒓) obtained from a given directional field 𝜃. To scale 
the microstructure to the size of bilinear elements, we assume Γ has a 
discretized form 𝚪 in space, and a series of graphical operations needs 
to be performed for 𝚪. Firstly, the 𝚪 is converted into a 0-1 field 𝚪̄:

Γ̄𝑒 =

{
0, if Γ𝑒 < 0.5
1, if Γ𝑒 ≥ 0.5

(21)

To obtain a fin structure with uniform width control, we will perform 
skeleton extraction on 𝚪̄ to create a skeleton density field, defined as 
𝚪̄skel.

𝚪̄skel = bwskel(𝚪̄) (22)

Here, bwskel(∗) reduces all objects in 𝚪̄ to 1-pixel wide curved lines 
without changing the essential structure of the image. This process ex

tracts the centerline while preserving the topology of the objects. To 
ensure manufacturability and control the width, a further dilation pro

cess is applied to 𝚪̄skel:

𝚪̄d = imdilate(𝚪̄skel,𝔼) (23)

The imdilate(∗) function performs the dilation operation. By adjust

ing the size (𝑁dilate) of the morphological kernel 𝔼, the width of the 
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Fig. 6. The given field 𝜽 with random boundary condition (left), the corresponding lattice pattern 𝚪̄d with 𝑑 = 8 and 𝑁dilate = 3 (middle), and the corresponding 
lattice pattern 𝚪̄d with 𝑑 = 8 and 𝑁dilate = 6 (right).

Fig. 7. The procedure for obtaining the detail result used for highfidelity evaluation. 

structure within the field 𝚪̄d can be controlled. Fig. 6 shows two lattice 
infill patterns with different 𝜽 inputs and different geometry parameter 
controls.

2.2.3. Final structure realization and simulation

Based on the content from Section 2.2.2, we have a general under

standing of how to transform the lowfidelity data into the necessary 
structure for a hybrid solid-porous infill geometry, enabling a more pre

cise and comprehensive analysis of the problem at hand. However, to 
make this process more controllable and better integrate with the results 
from Section 2.1, additional operations are required. The entire proce

dure is illustrated in the Fig. 7, the process is structured into six main 
steps:

Step 1: First, we need to extract the three relevant design domains 
from the lowfidelity optimization—namely, the base material field, the 
solid material field, and the principal stress direction field—as the low

fidelity results. These discretized fields are denoted as 𝝆c, 𝝃c, and 𝜽c, 
respectively. Here, the subscript c indicates that their dimensions cor

respond to the number of design variables 𝑁c in the lowfidelity opti

mization. Subsequently, these fields are refined into new fields, 𝝆f, 𝝃f, 
and 𝜽f, each with the refined dimension 𝑁f , through linear interpolation 
with the scaling factor 𝜆 [36][37].

Step 2: Subsequently, shell extraction is firstly performed based on 
the obtained 𝝆f, resulting in 𝝓shell (within this work, the thickness of 
shell is default set as 10 pixel).

Step 3: The operations introduced in Subsection 2.2 are applied to 
𝜽f to obtain the lattice infill pattern field 𝚪̄d.

Step 4: For the obtained refined fields 𝝆f, 𝝃f, 𝝓shell, and 𝚪̄d, a series 
of operations are performed to generate the final structure field 𝝓:

𝜙infill,𝑒 = 𝜌f,𝑒Γ̄d,𝑒 + 𝜙shell,𝑒 (24)

This operation is used to determine the lattice infill domain 𝝓infill

within the given structure. Then, a 0-1 projection is applied as follows:

𝜙′
infill,𝑒

=

{
0, if 𝜙infill,𝑒 < 0.5
1, if 𝜙infill,𝑒 ≥ 0.5

(25)

The Boolean addition operation is then applied at each element to 
achieve the solid infill:

𝜙𝑒 =min(𝜉f,𝑒, 𝜙
′
infill,𝑒

) (26)

The obtained structure field 𝝓 will be further smoothed with a 
smoothing radius 𝑅f:

𝜙𝑒 = 𝑀(𝜙𝑒,𝑅f) (27)

Step 5: the explicit boundary will be extracted to form the smoothed 
field 𝝓̃. This operation can be performed using contour extraction func

tion:

𝕐 = contourc(𝝓̃, 𝜂t) (28)

where 𝕐 is a new data structure containing the ordered coordinates of 
multiple points that represent polylines showing the explicit boundary. 
Here, 𝜂t is the height of the extracted contour line. Since 0 < 𝜙̃𝑒 < 1, 𝜂t

can take any value between 0 and 1. Clearly, the values of 𝑅f and 𝜂t
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Fig. 8. The schematic illustration of data-driven multifidelity topology design. 

influence the final stress analysis results. However, because this work 
optimizes based on a fixed standard value, the sensitivity of the stress 
results is outside the scope of this article; interested readers can refer 
to the relevant literature. In this work, we set 𝑅f = 8 and 𝜂t = 0.5. Fi

nally, the resulting 𝕐 can be saved as a .dxf file, a standard CAD format 
readable by most CAD softwares.

Step 6: Based on the geometric model (.dxf file) obtained from Step 
5, adaptive meshing is performed (this step can also be done easily in 
commercial CAE software or open-source meshing software). Under the 
given boundary conditions and physical problem setup, linear elastic 
FEA is conducted on the mesh in this work, focusing specifically on the 
maximum von Mises stress (we assume that the final detailed design 
will be fabricated with isotropic material). This metric is collectively 
recorded as the objective function values for the further optimization 
process.

3. Multifidelity optimization framework

3.1. Optimization model formulation

Recalling the previous content, converting lowfidelity data into 
highfidelity results involves numerous complex operations, making 
it challenging to accurately and efficiently determine the sensitivities 
of these processes. Moreover, highfidelity results contain significantly 
more detailed information than lowfidelity data, and this disparity in 
information capacity results in highly nonlinear optimization. To ad

dress this issue, we use data-driven MFTD method, to execute the rest 
optimization process.

Similar to traditional EA, population diversity significantly impacts 
the final optimization results in data-driven MFTD. In the context of 
structural geometry optimization problems, ensuring population diver

sity is crucial. The most effective approach to achieve this is by varying 
the mass ratio of the final optimized structures, which leads to diverse 
geometric shapes. However, in structural optimization problems focused 
on strength, it is evident that a higher mass ratio generally results in 
improved structural performance. If structural performance alone is pri

oritized, the algorithm may prematurely converge toward higher mass 
ratio designs, reducing diversity within the population. To address this 
issue, our algorithm employs a multi-objective optimization approach, 
considering both the structural mass ratio and performance. By balanc

ing the trade-off between mass ratio and structural performance, we 
maintain population diversity throughout each optimization iteration, 
ultimately obtaining a series of diverse design results.

In conclusion, our optimization model can be represented as follows:

find:  =
{
𝐱1,𝐱2,… ,𝐱m

}
minimize: 𝐎(𝐱𝑖) =

[
𝐺vf(𝐱𝑖),𝐺opt(𝐱𝑖)

]
, 𝑖 = 1,2,… ,𝑚

subject to: 𝐱𝑖 ∈Ωc

(29)

 =
{
𝐱1,𝐱2,… ,𝐱m

}
represents the decision variable vector (the low

fidelity data) of the individual, where 𝑚 is the number of decision 
variables. 𝐺vf is the mass ratio for the highfidelity results, 𝐺opt is the 
maximum von Mises stress for the highfidelity results, and Ωc denotes 
the valid design domain, which will be explained in subsequent sections.

3.2. Data-driven multifidelity topology design framework

The procedures of data-driven MFTD are shown in Fig. 8. Each step 
is briefly described below. Note that this paper omits a lot of formula de

tails proposed in the original framework for simplicity and the detailed 
content can be found in the original paper [56][80].

3.2.1. Lowfidelity optimization

The primary purpose of the lowfidelity optimization introduced in 
Section 2.1 is to generate a set of reliable initial solutions for the sub

sequent evolutionary process. Specifically, before the genetic algorithm 
begins, a one-time lowfidelity topology optimization is performed for 
each individual in the initial population. For instance, if the initial pop

ulation size is 𝑚, the lowfidelity optimization is executed 𝑚 times to 
generate 𝑚 corresponding structural candidates. This lowfidelity stage 
is used exclusively for initializing the population and is not involved in 
any of the iterative steps of the genetic algorithm.

It is important to note that many simplifications are applied during 
the lowfidelity optimization process. As a result, the solutions gener

ated from lowfidelity optimization may not always be highly accurate. 
Nevertheless, its primary function is to provide a sufficient number of 
“relatively reliable'' initial solutions, which are continuously refined and 
updated in subsequent optimization iterations to yield more accurate 
and reasonable results. This aspect will be further elaborated in a later 
section.

3.2.2. Highfidelity evaluation

The operation introduced in Subsection 2.2 is conducted for each ef

fective lowfidelity data point to obtain the corresponding highfidelity 
results. Subsequently, the detailed mass ratio 𝐺vf and structural perfor

mance index 𝐺opt are calculated.

It is worth noting that anomalies may occasionally occur during this 
process, such as when the lowfidelity data quality is too poor to be 
processed by highfidelity simulation, or when the objective function 
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Fig. 9. The architecture of multi-channel VAE. 

values are excessively high. In such cases, we exclude these anomalous 
candidates directly to avoid their impact on the algorithm.

3.2.3. Selection

Based on the highfidelity evaluation results, superior candidates, 
known as elite solutions, are selected from the candidate pool using the 
elite strategy. In this study, the NSGA-II, a multi-objective algorithm, is 
employed to rank and select candidates based on the Pareto dominance 
relation in the objective space. The current best solutions are named as 
Rank-1 results, i.e., no other solutions dominate them simultaneously in 
all objectives.

3.2.4. Crossover: generative model based on VAE

The aim in this step is to generate new candidate solutions with the 
characteristics of the selected elite solution in the selection step by using 
a generative model. We use the VAE, which is one of the represen

tative deep generative models. The VAE model consists of two neural 
networks: the encoder (𝑝(𝐳|𝐱)) and decoder (𝑝(𝐱|𝐳)).

For the encoder, the input data 𝐱 is mapped to a probabilistic distri

bution in the latent space, typically assumed to be a normal distribution 
𝑞(𝐳|𝐱). The encoder outputs the mean 𝜇(𝐱) and the variance 𝜎2(𝐱) of 
the latent variable. The objective of the encoder is to learn the distribu

tion parameters 𝜇 and 𝜎 in the latent space such that, given the input 
𝐱, the latent variable 𝐳 can accurately represent the original data. While 
for the decoder, the latent variable 𝐳, sampled from the latent space, 
is decoded back into the original data space to generate samples simi

lar to 𝐱. The decoder learns a conditional distribution 𝑝(𝐱|𝐳), generating 
data 𝐱 from the latent variable 𝐳. The goal of the VAE is to make the 
generated data 𝐱′ as close as possible to the original data 𝐱, while ensur

ing that the distribution of the latent space 𝑞(𝐳|𝐱) is close to a standard 
normal distribution 𝑝(𝐳). The likelihood function for the training has 
an explicit representation and is approximated by the evidence lower 
bound (ELBO):

 = 𝔼𝑞(𝐳|𝐱)[log𝑝(𝐱|𝐳)] −𝐷KL[𝑞(𝐳|𝐱) ∥ 𝑝(𝐳)] (30)

𝔼𝑞𝜙(𝐳|𝐱)[log𝑝𝜃(𝐱|𝐳)] represents the reconstruction loss, which is intu

itively expected to be large, but encourages the decoder to accurately 
reconstruct the input data from the latent variables. From a computa

tional point of view, this often translates to minimizing the difference 
between the original data and its reconstruction. 𝐷KL represents the 
Kullback-Leibler divergence, which is the output of the encoder. In the 
context of the VAE, the 𝐷KL acts as a regularizer that enforces the dis

tribution of the latent variables to be as close as possible to the normal 

distribution. It also allows for the generation of new data points by sam

pling from the prior distribution and decoding these samples.

By balancing the reconstruction loss and the regularization term, the 
ELBO facilitates both effective data reconstruction and a structured dis

tribution (often Gaussian) over the latent space. The optimization of 
the encoder and decoder parameters, therefore, involves minimizing the 
negative ELBO (hence maximizing the likelihood):

min(−) = −𝔼𝑞(𝐳|𝐱)[log𝑝(𝐱|𝐳)] + 𝛽KL𝐷KL[𝑞(𝐳|𝐱) ∥ 𝑝(𝐳)] (31)

where the 𝛽KL is the weight factor to 𝐷KL. This optimization ensures 
effective learning of the encoder and decoder parameters, leading to a 
VAE that proficiently captures the complexities of the data in its latent 
representation.

The neural network architecture of the VAE is depicted in Fig. 9, 
we apply several convolutional layers activated by rectified linear units 
(ReLU) and max-pooling layers to extract features from the unit cells and 
recognize key patterns. Fully connected linear neural networks are used 
to compute the mean 𝜇, standard deviation 𝜎𝑣𝑎𝑟, and latent vector 𝐳. 
The encoder transforms the input 3-channel data into a flattened dense 
layer, preparing it for mapping to the latent space. The decoder, which 
almost mirrors the encoder, utilizes convolution transpose layers with 
ReLU activations and upsampling layers, culminating in a convolution 
transpose layer with a sigmoid activation function (Sig). This structure 
ensures a gradual reconstruction from the latent representation.

The parameters for the convolution (ReLU), convolution transpose 
(ReLU), and convolution transpose (Sig) layers depend on the input 
image resolution and latent dimension. The latent vector’s dimension 
matches 𝜇 and 𝜎, requiring the final dense layer output in the encoder 
to be the same size of the latent vector. During training, the decoder 
takes the sampled latent vector 𝐳 (incorporating noise from 𝜎) as input. 
For inference, only 𝜇 is typically used as the latent vector 𝐳. The detail 
parameters for the architecture of a 3 channel each with 60 × 60 pixal 
case is shown in Fig. 9.

It is worth noting that within the proposed framework, the deep gen

erative model is retrained at each iteration. However, since the frame

work leverages the concept of multifidelity modeling, the actual number 
of optimization variables is kept very small. As a result, the training time 
remains short and computationally efficient. A more detailed analysis of 
the computational cost associated with the proposed method is provided 
in 4.3.

Furthermore, by employing a specially designed latent space sam

pling strategy [62], we are able to efficiently generate new offspring 
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Fig. 10. The design space dimension (left) and the boundary condition (right) for the L-bracket beam case. 

Table 1
The table for some important optimization parameters.

Parameter Symbol Value 
Filter radius for lowfidelity optimization 𝑅s 3 
Projection Sharpness factor for lowfidelity optimization 𝛽s 32 
Projection threshold value for lowfidelity optimization 𝛿s 0.5 
Mass ratio for infilled solid 𝑉s 0.5 
Penalization factor for field 𝝆 𝑝𝜌 3 
Penalization factor for field 𝝃 𝑝𝜉 3 
P-norm aggregation sharpness factor 𝑃 12 
The element dimension for each lowfidelity data 𝑁c 3600 
Upper and downward limit of volume fraction for base material 𝑉b 0.35, 0.70 
The morphological kernel size 𝑁dilate 4 
The periodic factor of the wave function 𝑑 8 
The number of decision variables 𝑚 100 
The refinement factor 𝜆 9 

structures that inherit the characteristics of their parents during each 
crossover operation.

3.2.5. Optimization performance evaluation and convergence criterion

In this framework, the hypervolume metric [81] is used to assess the 
optimization objective. It measures the volume of the objective space 
covered by the set of solutions, thereby effectively assessing the prox

imity of the Pareto front and the diversity of the solution set. Generally, 
the larger the hypervolume covered by the solution set, the closer these 
solutions are to the global optimal, indicating better optimization per

formance. Besides, a larger hypervolume value also indicates a broader 
coverage of the objective space, reflecting greater diversity in the so

lution set. The optimization process terminates when the hypervolume 
value changes by less than 0.1% over 5 successive iterations while all 
constraints are satisfied, or after a maximum of 250 iterations.

4. Numerical examples and discussion

In this numerical example section, two 2D mechanical benchmarks�-

the L-bracket beam and the symmetric tension beam—are adopted to 
validate the proposed framework. We first present the design of a typical 
L-bracket beam and then investigate several numerical aspects, includ

ing mesh independence analysis and the effect of different population 
sizes. Subsequently, we systematically analyze and discuss the proposed 
method through the design case of a symmetric tension beam, covering 
the validation of the lowfidelity optimization and the MFTD optimiza

tion process.

In this work, we use MATLAB 2022b to implement the lowfidelity 
optimization process and most parts of the MFTD optimization. For the 
remaining tasks, such as achieving CAE model realization and FEA sim

ulation, we utilize COMSOL Multiphysics 6.2, while the implementation 
of the VAE is based on TensorFlow 3.6.

4.1. L-bracket case

The first 2D example is the design of an L-bracket part, as depicted in 
Fig. 10. To better match the data structure required for the deep model in 
the subsequent MFTD optimization, a square analysis domain is adopted 
here. The design domain and non-design domain are defined to distin

guish the optimization variables. The detailed dimensions of the analysis 
domain are shown on the left side of Fig. 10. The design domain is typi

cally defined by its ``L'' shape geometry, consisting of two perpendicular 
arms. The top side of the vertical arm is fully fixed, and a downward 
vertical force 1N is applied at the right-top point of the horizontal arm 
(the right side of Fig. 10).

4.1.1. Parameters setting for low/highfidelity scenario

A mesh consisting of 60 × 60 square elements with dimensions of 
1 mm×1 mm is used to discretize the analysis domain for the lowfidelity 
optimization problem. A total of 100 lowfidelity data points are ob

tained based on the volume fraction 𝑉b for the base material, ranging 
from 0.35 to 0.7. The detailed parameter settings for the lowfidelity 
optimization, highfidelity simulation, and MFTD are shown in Table 1.

The material parameters for the relevant materials used are listed 
in Table 2. It is worth noting that in the highfidelity simulation, the 
material properties are consistent with those of the solid material used 
in the lowfidelity simulation.

4.1.2. Mesh independence analysis

Mesh independence analysis is critical for stress-related problems, 
and many believe that mesh independence is primarily influenced by 
both the nesh quality and geometric shape. Therefore, we conducted 
a mesh independence analysis on a representative structure from our 
optimization case. In this work, two factors can influence the final mesh 
quality.
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Table 2
The table for some important material properties parameters.

Parameter Symbol Value 
Elastic modulus for isotropic material 𝐸iso 1 
Possion ratio for isotropic materials 𝑣iso 0.3 
Yield strength for isotropic material 𝜎S 2 
x/y-direction Elastic modulus for orthotropic material 𝐸11, 𝐸22 0.3 
xy-direction Elastic modulus for orthotropic material 𝐸12 0.2 
xy-Possion ratio for orthotropic materials 𝑣12 0.24 
x/y-direction Yield strength for isotropic material 𝜎X, 𝜎Y 1 
xy-direction Yield strength for isotropic material 𝜎XY 0.5 

The first is the complexity of the knit curve in the generated .dxf 
file (i.e., the number of polylines). Knit curves with different levels of 
precision affect the accuracy of the corresponding geometry and, conse

quently, affect the local stress response. The second factor is the element 
size and meshing strategy used during adaptive mesh generation. Prop

erly distributed element sizes improve computational accuracy, par

ticularly in regions of stress concentration, allowing for more precise 
capture of stress gradients.

Accordingly, we first categorized the derived mesh based on ele

ment size into four different modes: coarse, medium, fine, and extreme 
fine. The specific details are listed in Table 3. Then, for controlling the 
complexity of the knit curve in the generated .dxf file, we utilize the 
Douglas-Peucker algorithm to simplify the interpolation points of the 
generated polylines. The primary goal of this algorithm is to reduce 
the number of points while preserving the overall shape and accuracy 
of the curves. The degree of simplification is controlled by a specified 
tolerance. In Table 4, we present the number of control points in the gen

erated polylines under different tolerance values for a given geometry, 
as well as the corresponding number of elements in the mesh generated 
under the ``Fine'' mesh size.

We first performed a mesh independence verification for different el

ement sizes, with the results shown in the Fig. 11(a). Here, we used the 
geometry corresponding to a tolerance value of 10−4 as the baseline for 
meshing. Observations indicate that as the mesh refinement increases, 
the maximum von Mises stress values gradually stabilize, with minimal 
changes from the ``Fine'' level onward. This confirms the mesh indepen

dence. Using ``Fine'' or ``Extreme Fine'' mesh ensures result accuracy.

Next, we investigate the effect of the complexity of the knit curve on 
the maximum stress. 6 different tolerance values are used, and all cases 
are meshed using the ``Fine'' mesh size. The specific results are shown in 
Fig. 11(b). It can be observed that when the tolerance value is relatively 
large, the corresponding knit curve is significantly simplified, making it 
difficult to capture some detailed geometric features, and the number 
of generated mesh elements is relatively low. Conversely, as the toler

ance value decreases, more accurate geometries are represented, which 
also leads to an increase in the number of mesh elements. Additionally, 
observations show that as the tolerance value decreases, the maximum 
von Mises stress values gradually stabilize, with minimal changes from 
10−5 downward. This also confirms the mesh independence.

Finally, to ensure geometric accuracy and mesh independence while 
minimizing computational cost, we set the mesh size to ``Fine'' and the 
tolerance in the Douglas-Peucker algorithm to 10−5 for all subsequent 
cases.

4.1.3. Results obtained from the proposed method

Following the highfidelity realization workflow shown in Fig. 8, 
100 initial highfidelity results are obtained (see Fig. 12(c)). We ulti

mately derive the elite results displayed in Fig. 12(d). The optimization 
is stopped at the 90th iteration. Fig. 12(a) demonstrates the improve

ment in the performance of the elite material distributions. The circles 
represent the initial results, while the red crosses indicate the final elite 
solutions. It can be observed that the elite results are converging to

wards minimization in the objective function space, confirming that the 
performance of the elite results improves throughout the iterations. As 

shown in Fig. 12(a) left, the hypervolume indicator reaches approxi

mately 1.18 at the end of the optimization, indicating that the overall 
performance of the elite results has improved significantly. Finally, the 
epoch-accuracy average convergence history for the VAE is shown in 
Fig. 12(b).

To better evaluate the optimized results, we select the results with 
mass ratio 𝐺vf of 15.6%, 13.4%, and 11.8% as examples (see Fig. 13(a)), 
and then analyze it by focusing on the structural deformation and von 
Mises stress distribution. It could be observed that both the optimized 
L-bracket beams have complex geometry features. The maximum dis

placement occurs near the right end of the horizontal arm (the three 
far-right column shown in Fig. 13), where the applied load is likely 
highest, reaching values of around 16.5 mm, 21.8 mm, and 27.2 mm 
respectively, as indicated by the red color on the scale. This suggests 
significant bending and deformation in the unsupported region due to 
the applied force.

Unlike the similarity observed in the deformation distribution, the 
stress distribution of the three results exhibits significant diversity. For 
the result with 𝐺vf = 15.55%, the high stress regions are primarily con

centrated at the connection corners of the supports and near the base 
of the loaded column. These areas are likely the main regions of stress 
concentration or bending within the structure and represent its weak 
points; hence, they are filled with solid material. For the result with 
𝐺vf = 13.39%, the inner and outer sides of the L-shaped corners exhibit 
the highest stress concentration. This is because these locations expe

rience significant bending and shear stress under loading. As a typical 
stress concentration point, these areas are also filled with solid material. 
For the result with 𝐺vf = 11.85%, the junction between the vertical col

umn base and the horizontal beam, as well as the inner surface of the 
vertical column on the inside, exhibits higher stress distribution. Com

pared to the previous two results, this structure has the thinnest vertical 
column, which bears the majority of the load, resulting in significant 
shear and bending stress at the connection points. Overall, it can be 
observed that in all three structures, the stress distribution around the 
porous infill regions is relatively uniform, indicating that the hole design 
is reasonable and does not cause significant stress concentration.

4.1.4. Comparison amongst different decision variable number

Within MFTD, the population size greatly influences the final opti

mization results. In this work, the population size will affect the quality 
of VAE training and, consequently, the quality of the generated results. 
Therefore, in this section, we investigate the impact of population size 
by varying the number of decision variables in the case shown in Fig. 10.

We additionally performed MFTD optimization using two additional 
population sizes of 150 and 200, with identical optimization and mate

rial parameters. Highfidelity analysis was performed on this series of 
results, and the Rank-1 results were ultimately selected. For the results 
with a population size of 100 (100-results), the number of Rank-1 re

sults obtained was 33. In contrast, the results with population sizes of 
150 (150-results) and 200 (200-results) yielded 48 and 60 Rank-1 re

sults, respectively. The detailed structures are shown in Fig. 14.

The Pareto front domain formed by the Rank-1 solutions for the three 
optimizations is illustrated in Fig. 15(a). Clearly, as the population size 
increases, the Pareto front domain hypervolume also becomes larger, in

dicating the potential to generate better results. However, compared to 
the 150-results, the improvement in the 200-results is not very signifi

cant, with noticeable enhancement only within a specific volume frac

tion range (12% 13%). The corresponding hypervolume convergence 
curves are shown in Fig. 15(b). Observations reveal that the 100-results 
optimization process stopped at the 90th iteration, while the 150-results 
and 200-results continued until the 222nd and 250th iterations, respec

tively. Notably, for the 200-results optimization, the process had not 
yet reached the specified convergence criterion even at the maximum 
iteration step of 250.

To further facilitate a visual comparison, we selected two sets of 
results with volume fractions of 12.3% and 15% for comparison, and 
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Fig. 11. The mesh independence analysis results (a) The mesh independence analysis with respect to the element size. (b) The mesh independence analysis with 
respect to the tolerance value for Douglas-Peucker algorithm.
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Table 3
The table for the parameters of different mesh size.

Size Name Max Size (mm) Mini Size (mm) Growth Rate Curvature Factor 
Coarse 71.7 1.433 1.4 0.40 
Medium 38.0 0.214 1.3 0.30 
Fine 14.3 0.054 1.2 0.25 
Extreme Fine 7.71 0.014 1.1 0.20 

Fig. 12. (a) Left: the optimized results between 1st iteration and 90th iteration; Right: the hypervolume value convergence history; (b) the epoch-accuracy average 
convergence history; (c) the initial 100 highfidelity results; (d) the final 100 optimized highfidelity results.

Table 4
The table for the parameters with different tolerance.

Tolerance value Element number Number of knit 
10−1 18669 3091 
10−2 50301 6619 
10−3 62180 7688 
10−4 106351 11663 
10−5 139023 14809 
10−6 154325 16247 

the corresponding results are shown in Fig. 16. As seen in Fig. 16, for 
both sets of results, the structures generated by the 200-results exhibit 
the lowest von Mises stress. Notably, in the 𝐺vf = 12.3% group, the 200

results produced a completely different topology compared to the other 

two optimizations. In the 𝐺vf = 15.0% group, the structures generated by 
the 200-results and 150-results exhibit similar performance (with nearly 
identical maximum stress values), but their topological configurations 
are distinct.

Additionally, it is worth noting that the base material distribution for 
the 100-results in both the 12.3% and 15% groups is highly similar. In 
contrast, the results generated by the 200-results and 150-results in the 
two groups display significant differences. Since no mutation operations 
were incorporated into this framework, this demonstrates the impact of 
population size on population diversity.

4.2. Symmetric tension beam case

The second 2D example involves designing a symmetric tension 
beam. In this section, we further validate the effectiveness of our 
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Fig. 13. The optimized results from the MFTD framework for L-bracket beam case. 

Fig. 14. The final obtained Rank-1 results (a) The 100-results; (b) The 150-results; (c) The 200-results. 

method. The boundary conditions and structural dimensions are illus

trated in Fig. 17. The beam has a rectangular shape, with its width 
slightly greater than its length. The beam is symmetric about its vertical 
centerline, allowing for optimization of only half of the beam to reduce 
computational complexity. The degrees of freedom on the left side are 
fixed in the 𝑥-direction, restricting movement to the vertical direction 
while allowing free horizontal displacement. A horizontal outward force 
of 1 N is applied at the bottom-right corner.

4.2.1. Parameters setting for low/highfidelity scenario

For the lowfidelity optimization problem, a mesh consisting of 
52 × 80 square elements with dimensions of 1 mm × 1 mm is utilized 
to discretize the design domain. The parameter settings for lowfidelity 
optimization are the same as those listed in Table 5. Only few parame

ters for the highfidelity simulation and MFTD differ from those used in 
the L-bracket case, as detailed in the table.

Other optimization parameters and relevant material properties are 
identical to those used in the L-bracket case.
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Fig. 15. The Pareto front domain for three different optimization strategies (a); and their corresponding convergence history (b). 

Fig. 16. The selected structures obtained by three different optimization strategies with specific volume fractions. (a) 𝐺vf = 12.3%; (b) 𝐺vf = 15.0%. 

Fig. 17. The design space dimension (left) and the boundary condition (right) for the symmetric tension beam case. 
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Fig. 18. The final obtained Rank-1 results (a) Stress-TO; (b) lowfidelity optimization. 

Table 5
The table for some new optimization parameters for the symmetric 
tension beam case.

Parameter Symbol Value 
The morphological kernel size 𝑁dilate 6 
The periodic factor of the wave function 𝑑 10 
The number of decision variables 𝑚 160 
Upper and downward limit of volume fraction 𝑉s 0.3, 0.8 
The refinement factor 𝜆 16 
The element dimension for each lowfidelity data 𝑁c 3200 

4.2.2. Effectiveness of lowfidelity optimization

Here, we first validate the effectiveness of the lowfidelity optimiza

tion proposed in Section 2.1. To this end, we compare a series of results 
with varying volume fractions obtained from lowfidelity optimization 
with those from traditional single-material, stress-based topology opti

mization (Stress-TO). To ensure a fair comparison, all optimization or 
material parameters are kept consistent. Subsequently, we apply the 
method proposed in Section 2.2 to transform these results and obtain 
the corresponding highfidelity outcomes.

Within the volume fraction range of 0.3 to 0.8, we generated 160 
results using both the lowfidelity optimization and Stress-TO meth

ods. Highfidelity analysis was performed on this series of results, and 
the Rank-1 results were ultimately selected. Coincidentally, both the 
lowfidelity optimization and Stress-TO methods produced 34 Rank-1 
results. The detailed structures are shown in Fig. 18. The corresponding 
Pareto results are shown in the left side of Fig. 19, and the Pareto do

main formed by the Rank-1 solutions is illustrated in the right side of 
Fig. 19. The Pareto domain hypervolume for lowfidelity optimization 
(the area of the red region) is larger than that of Stress-TO (the area 
of the blue region), indicating that lowfidelity optimization utilizes the 
solution space more effectively and generates better results compared 
to Stress-TO.

To further facilitate a visual comparison, we selected two sets of re

sults with volume fractions of 13% and 18% for comparison, and the 
corresponding results are shown in Fig. 19 (b). As seen in the figure, 
for the group with a volume fraction of 13%, the structure generated 
by Stress-TO has a volume fraction of 13.74% and a maximum stress of 
3.05 MPa. In contrast, the structure generated by lowfidelity optimiza

tion has a volume fraction of 13.12% and a maximum stress of 2.64 
MPa, representing a 13% reduction in maximum stress. For the group 
with a volume fraction of 18%, the structure generated by Stress-TO has 
a volume fraction of 18.11% and a maximum stress of 2.48 MPa, while 

the structure generated by lowfidelity optimization has a volume frac

tion of 17.89% and a maximum stress of 2.24 MPa, representing a 9.7% 
reduction in maximum stress.

4.2.3. Results obtained from the proposed method

Building on the 160 initial solutions obtained using lowfidelity opti

mization in the previous section, we further performed MFTD optimiza

tion on them. Fig. 20 presents several key aspects of the optimization 
process and results for the topology design. Fig. 20(a) illustrates the 
Pareto front obtained from the optimization process, comparing volume 
fraction and the optimization number across iterations. The embedded 
images display representative designs along the Pareto front, showing 
the evolution of material distribution through the optimization pro

cess. The convergence history of the hypervolume value is shown in 
Fig. 20(b), and the optimization process finally stopped at the 200th it

eration with a increase of 35.5%. Fig. 20(c) displays 98 results which 
are finally selected as the Rank-1 results.

The MFTD Pareto domain formed by the Rank-1 solutions is illus

trated in the Fig. 21 left part and is compared with the results shown 
in Fig. 19. Clearly, the hypervolume for MFTD (the area of the yellow 
region) is larger than that of Stress-TO (the area of the blue region) 
and lowfidelity optimization (the area of the orange region), indicating 
that the MFTD results are the best among the three. To further demon

strate the effectiveness of the MFTD optimization process, the results 
with mass ratios 𝐺vf of 10.3%, 12.3%, and 17% for both the lowfidelity 
optimization and MFTD results were selected as examples. The corre

sponding structures and their von Mises stress distributions are shown 
on the right side of Fig. 21(a).

It can be observed that for the group with 𝐺vf = 10.3%, the structure 
generated by lowfidelity optimization has a volume fraction of 10.33% 
and a maximum stress of 3.61 MPa. In contrast, the structure generated 
by MFTD has a volume fraction of 10.27% and a maximum stress of 3.14 
MPa, achieving a 13% reduction in maximum stress with a smaller vol

ume fraction. For the group with 𝐺vf = 12.3%, the results of lowfidelity 
optimization and MFTD have volume fractions of 12.3% and 12.41%, re

spectively, and maximum stresses of 2.95 MPa and 2.49 MPa. The MFTD 
design achieves a 0.9% reduction in weight and a 15.6% improvement 
in maximum stress. Finally, for the group with 𝐺vf = 17.0%, the results 
of lowfidelity optimization and MFTD have volume fractions of 16.7% 
and 17.1%, respectively, and maximum stresses of 2.22 MPa and 1.82 
MPa. The MFTD design achieves a 2.3% reduction in weight while im

proving the reduction of maximum stress by 18.2%.
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Fig. 19. The structural performance comparison for the lowfidelity optimization and Stress-TO (a); and two sets of results with detail structure with volume fractions 
of 13% and 18% for comparison (b).

We subsequently analyzed the geometric configurations of the three 
sets of results shown in Fig. 21(b). First, regarding the distribution of 
the base material, for the groups with 𝐺vf = 10.3% and 𝐺vf = 12.3%, the 
topology of the structures generated by lowfidelity optimization and 
MFTD remains unchanged, with differences only in shape. However, for 
the group with 𝐺vf = 17.0%, both the topology and shape differ between 
the two methods. Regarding the solidfilled regions, significant differ

ences are observed between the structures generated by lowfidelity 
optimization and MFTD across all three groups. A comprehensive ob

servation indicates that, compared to the structures from lowfidelity 
optimization, the solidfilled regions in the MFTD structures are more 
continuous, better aligning with the overall load-bearing directions of 
the structure.

4.3. Computational cost analysis

All simulations and computations in this study were conducted on 
a high-performance workstation equipped with dual AMD EPYC 7763 
CPUs (128 cores in total, 2.45--3.5 GHz), 1 TB of RAM, and two NVIDIA 
RTX A6000 GPUs. In this section, we analyze three representative cases 
selected from Subsection 4.1.4, all of which share the same L-bracket 
boundary conditions but differ in their decision variable counts.

The three pie charts in Fig. 22 summarize the total computational 
time for each case, as well as the distribution of time spent across differ

ent components. The computation time is categorized according to the 

modules defined in Fig. 8, which include: (1) obtaining the initial solu

tion through lowfidelity optimization, (2) generating and analyzing the 
highfidelity model, (3) selecting solutions using the NSGA-II algorithm, 
and (4) training the VAE and generating new candidate solutions.

To ensure consistency in comparison, we fixed the number of opti

mization iterations to 90 for all cases. As observed, the overall computa

tional cost increases with the number of samples: Case 1 took 13,226.2 
seconds, Case 2 took 15,577.7 seconds, and Case 3 took 18,466.1 sec

onds. However, the increase in model training cost is relatively modest, 
rising only from 7,380 seconds to 8,280 seconds. In fact, its proportional 
share of the total time decreased from 56% to 45%. In contrast, the com

putational cost for lowfidelity data generation and candidate selection 
is negligible and can be largely ignored. The highfidelity analysis, on 
the other hand, grows significantly with sample size and constitutes the 
primary computational bottleneck.

5. Conclusion

In this paper, we utilize a data-driven approach within the MFTD 
framework to achieve a hybrid solid-porous infill design that consid

ers the stress concentration issue. Within this framework, the detailed 
topology of the complex hybrid solid-porous infill structure is directly 
controlled by three control fields. These fields are initialized through a 
specifically designed lowfidelity optimization process and subsequently 
optimized using the MFTD method. The optimized result from this ap
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Fig. 20. (a) Left: the optimized results between 1st iteration and 200th iteration; Right: the hypervolume value convergence history; (b) the original 160 lowfidelity 
optimization results; (c) the 160 MFTD results after 200 iterations.

proach features a detailed and accurate geometric shape, with the per

formance of the precise model considered throughout the optimization 
process. Numerical results indicate that the developed method can ro

bustly generate innovative designs across various cases, ensuring that 
solid infill materials are distributed at critical structural positions.

Based on the discussions and analyses presented in the previous sec

tions, the following conclusions can be drawn:

1. By carefully controlling the geometric mapping accuracy and mesh 
size, we ensure stress analysis mesh convergence for the designed geo

metric patterns. This guarantees the reliability and accuracy of subse

quent optimizations.

2. The side-by-side mapping between control variables and geomet

ric structures allows us to analyze and obtain precise CAD models during 
the optimization process. These models can be directly used for proto

type fabrication, effectively reducing the gap between design and man

ufacturing and achieving a design-for-manufacturing approach.

3. The population size significantly impacts the optimization results. 
Increasing the population size as much as possible, within the con

straints of computational cost, enhances the quality of the results.

4. Due to the nonlinearity of stress analysis and its localized response 
characteristics, it is challenging to achieve a Rank-1 result count close 
to the total population size within a finite number of iterations.

5. Although the proposed lowfidelity optimization incorporates sev

eral simplifications, it still demonstrates performance advantages com

pared to traditional single-material stress optimization. When used as an 
initial solution for the MFTD optimization process, these advantages are 
further amplified, highlighting the value of the proposed framework.

There are several limitations and areas for further exploration:

1. Currently, the developed method is focused solely on 2D problems, 
and future work will extend it to 3D practical engineering applications.

2. Additionally, this study did not consider buckling performance in 
the optimization process, which will be addressed in future work.
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Fig. 21. The structural performance comparison for the MFTD, lowfidelity optimization, and Stiff-TO for the symmetric tension beam case (a); and the detail structure 
comparison between MFTD and lowfidelity optimization (b).

Fig. 22. Summary of Computational Time. 

3. We have not yet conducted experimental validation for the fabri

cated prototypes, and this will be completed in subsequent studies.

4. More powerful generative models are expected to be further de

veloped to achieve integrated outputs of structural topology and perfor

mance.
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